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Introduction

This handout is the result of reading numerous works, most of which
are cited in the list of bibliographical references, and it is directed
to first-year students of Master of Mathematics, speciality ”discrete
mathematics and applications” at University Center of Barika within
the framework of the LMD system. I respect in this handout the official
program approved in the academic program of semester 1.

This course is structured as follows. In Chapter 1, we provide a basic in-
troduction to crisp sets, fuzzy sets and t-norms and t-conorms. Next, we
recall some basic notions related to fuzzy sets. Many of the properties
of these concepts will be used in next chapter. In Chapter 2, we inves-
tigate the binary relations concepts and their fundamental properties,
fuzzy relations, operations and characteristics of fuzzy relations.

At the end of this course you will find a series of unsolved exercises.
We will also find at the end of this handout a list of books whose
consultation can be a good support, or complement, for reading.

It is certain that the first version of this work can be improved, and
that it contains certain remarks, which is why I invite all readers,
students or teachers to send me their remarks and comments to my
email address : soheyb.milles@cu-barika.dz
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1 Fuzzy sets

The purpose of this first chapter is provide a basic introduction to crisp
sets, fuzzy sets and t-norms and t-conorms. Next, we recall some basic
notions related to fuzzy sets. Many of the properties of these concepts
will be used in next chapter.

1.1. Crisp sets

This section contains the basic definitions of crisp sets with several
operations.

Définition 1.1. A set of reference X is a collection of objects, this
set con be defined by
(i) Writing of all its elements, whose elements are aj,az, - ,ay,
and we write, X = {aq,aq,- - ,a,}.

(i) A property or properties are satisfied by its elements, and we
write, A = {x | P(x)}. Where the symbol ”|” denotes the sentence
“such that” and P(x) a proposition of the form "x” has a property.

(11i) A function called characteristic function X4(x) which takes the
value 0 for the elements that do not belong to A and the value 1
for those that belong to A :

xa: X — {0,1}
0 if z¢A;
—
1 if xe A

Définition 1.2. (Operations on crisp sets) Let X be a set, let A
and B be two subsets on X.

(i) Inclusion : A C B if (v € A) = (x € B), i.e, Xa(x) <
Xp(x), for any v € X;
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(11) Equality : A= B if AC B and B C A, i.e., (Xa(x) = Xp(x)),
for any x € X;

(i1i) Complement : A°={x € X | v & A}, i.e., Xye(x) = 1—Xy(2);

(iv) Intersection : ANB = {z € X | = € Aand © € B},
i.e.,Xanp(x) = min(Xs(x), Xp(x));

(v) Union : AUB={xe€ X | v € Aorxe B}, i.e. Xaup(x) =
mazx(Xa(z), Xp(x));

(vi) Relative complement : AAB = A— B = AN B = {x €
X | z € Aand x ¢ B}, ie, Xy p(x) = Xpnpe(z) =
min(Xa(x), Xpe(x)).

Exemple 1.1. Let X = {z,y, z,t,w} be a set, let A and B be two
subsets of X such that A = {x,y,w} and B = {x,y,z}. Then,

A ={z,t};

B = {t,w};
AN B = {z,y};
AUB =A{z,y,z,w};
A\B = {w};
B\A = {z}.

Exemple 1.2. Let X = [36,42] the universe of speech which expresses
the degree of temperature of a human body, a person with hepatitis
generally presents the following symptoms :

(i) The person has a high fever;

(i1) His skin is yellow in color;

(11i) He has nausea.

We will now study the first symptom or the property having a high
fever which is indicated by the degree of temperature in the classic case
(see Figure 1.1)we define of temperature in the classic set A of X
associated with the property (having a high fever) by :

XA(x):{ 1, if x>39

0, otherwise.
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A LXA (x)

ne
06

0.4

0.2

FIGURE 1.1

i.€., people have a temperature over 39 are systematically have a high
fever therefore they reach hepatitis, without this diagnosis being logical.

1.2. Fuzzy sets

This section contains the basic definitions and properties of fuzzy
sets and several operations of fuzzy sets. The notion of fuzzy set was
introduced in 1965 by Lotfi A. Zadeh in the paper [17].

Définition 1.3. [I7] Let X be a nonempty set. A fuzzy set A =
{{z,pa(z)) | x € X} is characterized by a membership function
pa X —[0,1], where pa(x) is interpreted as the degree of membership
of the element x in the fuzzy subset A for x € X.

Notation 1.1. Let X be a nonempty set. The set of all fuzzy subsets
of X will be denoted by F(X).

Exemple 1.3. Let X = {a, b, c} be a set. Ay = {(a,0.3), (b, 1.0), (¢,0.7)}
and
Ay ={(a,0.0),(b,0.9), (c,0.7)} are two fuzzy subsets on X.

Exemple 1.4. In same Examplel.2, in this fuzzy case the (Figure
1.2) shows a possible diagnosis. We also define the fuzzy subset B of X

5
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which associated with the same property of A (to have a strong fever)
as

0, if 36 <z <37,
pp(r) = ¢ Zo— 181 if 37 <z <41,

1, iof 41 <z < 42.

i.e., a person has a temperature X of [36,42]

J..'uEKX:‘

% 37 3B 38 a0 21 @2 X

F1GURE 1.2 — Trapezoid diagram.

If up(x) = 1, so the person with hepatitis.

If pp(x) = %x — %307, so the person the patient with a degree of

hepatitis.
If up(x) =0, so the person does not have hepatitis.

1.2.1. Fuzzy sets operations

For two fuzzy sets A and B on a set X, several operations are defined
in the following way(see [17])

(i) AC Bif pa(z) < pg(z), for any = € X;
(i) A= B if pa(x) = pp(zx), for any x € X;
(i) ANB = {(x,pa(x) Apup(z)) | ze€ X};
(iv) AUB = {(z, pa(x) V pp(x)) | ©e X}
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(v) A={{z.1-palx)) | =€ X}
Exemple 1.5. If we consider the fuzzy sets
(1, if 40 <z < 50,

Af(z) =4 1-2230" 4 f 50 <z < 60,

10

| 0, if 60< < 100.
(0, if 40 <z < 50,

=50 4 f 50 <z < 60
Ay =4 o S E o

1—2230 if 60 < <70,

kO, of 70 <2 < 100.

Then their um’on{ 18

1, if 40 < x <50,
1—220 4f 50 <z <55,

(AU As)(z) =< 2550, if 55 <z <60,

10

1 -0 if 60 < <70,

0, if 70 < < 100.

FI1GURE 1.3 — Fuzzy Union.

The intersection can be expressed as
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0, if 40 <z <50,

B0 if 50 < @ < 55,
1—220 if 55 < <60,
0, if 60 <z <100.

(AN Ag)(z) =

FIGURE 1.4 — Fuzzy Intersection.

The complement of Ay can be written
0, +f 40 <z <50,

Ai(x) =9 220, if 40 <z <60,
1, if 60 <z <100.




CHAPITRE 1. FUzzy SETS

FIGURE 1.5 — The complement of a fuzzy set.

Exemple 1.6. Let X = R and let A be the set of reals greater than
10 and B the set of reals close to 1 are characterized respectively by its
membership functions

{0 s
PAZN (4 (=102, if 2> 10,

and

{0 i =0,
PR (4 (=100, if @ > 10,

So, we get AN B set of reals greater than 10 and close to 11 given by
its membership function

HanBE) = min[(1+ (xz —10)72)7", (1 + (x — 10)Y)7Y], if x> 10.

And AU B the set of real numbers greater than 10 or close to 11 given
by its membership function

pavs(x) = maz[(1 + (zr —10)"H ™, (1 + (z — 10)H) ],z € X.
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1.2.2. Characteristics of fuzzy sets

In this subsection, we present some characteristics of fuzzy sets.

Définition 1.4. (The support of a fuzzy sets) [15] Let A be a
fuzzy set on a set X. The support of A is the crisp subset on X given
by

Supp(A) = {x € X | ja(z) > 0}.
Définition 1.5. (The kernel of a fuzzy sets) [15] Let A be a fuzzy
set on a set X. The kernel of A is the crisp subset on X given by

Ker(A) ={z € X | pa(z) =1}.

Définition 1.6. (The highest of a fuzzy sets) [15] Let A be a
fuzzy set on a set X. The height of A is the highest value taken by its
membership function given by

H(A) = supgexpia(z).

Définition 1.7. (The cardinality of a fuzzy sets) [8] The car-
dinality of the fuzzy subset A of X, noted | A |, when X is finite, is
defined by

A= o).

reX

Exemple 1.7. Let X = {a,b,c} be a set. A; = {(a,0.3),(b,1.0), (c,0.7)}
and Ay = {(a,0.0),(b,0.9), (¢, 1.0)} are two fuzzy subsets on X. Then,
Supp(A1) = {a,b,c} and Supp(Az) = {b, c}.
Ker(Ay) = {b} and Ker(As) = {c}. H(A;) = 1 and H(Ay) = 1.
| A1 |=2 and | A2 |=1.9.

Exemple 1.8. Let X = [0,1] with o, € R and let a,b € R. We
define the fuzzy set A on X by

0, if r<a—a«a or b+p<u,
1, if a<z<b,
1+ (%2), if a—a<z<a,

1— (%), if b<z<b+p

pa(z) =

10
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Then, Ker(A) = [0,1], Supp(A) = [a — a,b+ ] and H(A) = 1.

Y

FIGURE 1.6

Exemple 1.9. Let B the fuzzy subset given by Figure 1.2 on the set
X = [36,42]. Then,

Supp(A) =]37,42|, H(A) =1, Ker(A) = [41,42], | A | is infinite.
Définition 1.8. (The a-cut of a fuzzy set) [15] Let A be a fuzzy
set on a set X. The a-cut of A is the crisp subset

A, ={z € X | pa(z) > a} where a € [0, 1].

Particular cases :

1. If a =0, then Ay = X.

2. If a =1, then A; = Ker(A).
Exemple 1.10. Let X = {1,2,3,...,10}, and A be a fuzzy subset of
X given by A={<1;0.2>,<2;0.5>,<3;0.8> < 41> <50.7>
,<6;03>,<7;0>,<8;0>,<9;0>,<10;0 >}. Then, the a-cut of
A is given by :

11
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Ag={z € X, A(x) > 0} = X;
Ay ={z € X, A(z) > 0.1} = {1,2,3,4,5,6};
Ago = {r € X, A(z) > 0.2} = {1,2,3,4,5,6};
Ags ={z e X, A(z) > 0.3} ={2,3,4,5,6};
Aps={z € X, A(z) > 0.4} ={2,3,4,5};
Aps ={z € X, A(z) > 0.5} = {2,3,4,5};
Ao = {.T EX,A(%’)
(z)
(z)
(z)

A()j:{I'EX,A]} >07}—{345}

> 0.6} = {3,4,5};

Aghgz{ZEGX,AI 208}_{3 4}

A0.9:{$6X7A$ 209}—{4},
={r € X, Az) 2 1} = {4}.

1.2.3. Projection and cartesian product on fuzzy
sets

Définition 1.9. (Cartesian product on fuzzy set) [1| Let the
fuzzy subsets Ay, As,--- , A, respectively defined on X1, X, -+, X,
we define their cartesian product A = A; X Ay X --- X A, as a fuzzy
subset of X = X1, Xo, -+, X,, with a membership function defined for
any © = (x1,x9, -+ ,T,) € X by :

pa(r) =minfpa, (71), pay(T2), -+, pra, (zn)].

Exemple 1.11. Let X be a set of animals Xy = {cat, cheetah, tiger}
and Xo be a set of country choices by temperature Xo = {hot, cold}.
The fuzzy subset Ay represents the choices of an individual that the
animals would like to own and the fuzzy subset Ay represents its choices
to the type of country in which the animal would like to live such as

Ay = {{cat,0.5), (cheetah,0.8), (tiger,0.3) }, As = {(hot,0.9), (cold,0.1) }.
We get Ay x Ay = {{(cat, hot),0.5), {(cat, cold),0.1), ((cheetah, hot), 0.8),
((cheetah, cold),0.1), {(tiger, hot),0.3), ((tiger, cold),0.1) }.

Let A be a fuzzy subset defined on a universe Xy X Xy cartesian product
of two reference sets X1 and Xs.

Définition 1.10. (Projection on fuzzy set) [7| The projection on
Xi of the fuzzy set A of X1 x Xy is the fuzzy set Projx,(A) of Xi,

12
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whose membership function is defined by :

Va, € Xl,#Projxl(A) ($1) = SupxzeXQ,UA(iBl, ZL“Q)-

We defined in a similar way the projection of A on Xs.

Exemple 1.12. Let X = X; x Xy the reference set such that X,
and Xy two sets which are defined in Example 1.11, we consider
A; x Ay = A given by

A = {{(cat, hot),0.5), ((cat, cold),0.1), ((cheetah, hot), 0.8),

((cheetah, cold),0.1), {(tiger, hot),0.3), {(tiger, cold),0.1) }. Then, we
get Projx,(A) = {{cat, max(0.5,0.1)), (cheetah, max(0.8,0.1))

, (tiger, max(0.3,0.1)) } = {(cat, 0.5), (cheetah,0.8), (tiger,0.3) }.
Projx,(A) = {(hot,max(0.5,0.8,0.3)), (cold, max(0.1,0.1,0.1)) }

= {(hot, 0.8), (cold,0.1)}.

In the following theorem, we study the decomposition theorem.

Théoréme 1.1. (Decomposition theorem) [1] Any fuzzy subset A
of the reference set X is defined from its a-cups for any element x of

X.
pa(r) = supacio(.Xa, (x)).

X4, s the characteristic function of A,.

Démonstration. Let the characteristic function

X0 (@) = { 1, if pa(z)>a

0, if otherwise,
by multiplying each member by a real number «, we get :

«, Zf ,UA(I')ZOé
0, if otherwise.

aXy, (x) = {

By introducing the ”"sup” operator in each member, we have :

SUPae)0, )0 Xa, (T) = SuPago{na(z) = a} = supaepijaXa,(z) =
supacoa{a < pa(x)}. Or (characterization of the upper bound in

13
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R) : ¢ = sup(A) if and only if Vg € A,x < ¢ (¢ is an upper
bound of A). Which makes it possible to establish that : pa(z) =
SuPacejo,1) (- Xa, (2))- -

Exemple 1.13. Let X = {1,2,---,10}
and A = {(1,0.2),(2,0.5), (3,0.8), (4, 1), (5,0.7), (6,0.3)}.

We have
Ay ={x € X|pa(z) > 1} = {4};

Aps = {z € X|ua(xz) > 0.8} = {3,4};
Apr ={x € Xlpa(z) > 1} ={3,4,5};
Aos ={z € X|pa(z) 2 1} ={2,3,4,5};
Ags ={z € X|pa(z) > 1} = {2,3,4,5,6};
Aga ={x € Xlpa(zx) > 1} ={1,2,3,4,5,6}.

So, we get

pa(l) =maz(l x0,---,0.2x 1,01 x 1,0 x 1) =0.2;
104(2) = maz(1 x 0, ,0.5%x 1,04 x 1,0 x 1) = 0.5;
pa(3) =maz(l x0,0.9x0,0.8x1,---,0x1)=0.8;
pa(4) =maz(l x1,--- 0x1)=1;

pa(5) =mazx(l x0,---,0.7x1,---,0x1)=0.7;
pa(6) =mazr(l x0,---,03x1,---,0x1)=0.3.

Which provides the set A.

14
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1.3. T-norms and t-conorms

The history of triangular-norms (t-norms) started with Menger [6]. His
main idea was to construct metric spaces where probability distributions
are used to describe the distance between two elements.

1.3.1. T-norms

Définition 1.11. [I3] A t-norm T on [0,1] is a function T : [0,1]* —
[0, 1] satisfies the following four axioms :

(T1) Commutativity : (Vz,y € [0,1])(T(z,y) = T(y, x)).
(T2) Associativity : (Vx,y,z € [0, 1)(T(x,T(y,2)) = T(T(x,y),2))).
(T3) Monotonicity : (Vx,y,z € [0,1))(z <y = T(z,2) < T(y,2)).

(T4) Boundary condition : (Vx € [0,1]))(T(z,1) = z).

Conditions (T4) and (T'3) imply that for any t-norm T it holds that
T(z,y) <z T(z,y) <y, T(z,y) < Min(z,y) and T(z,0) = 0.

Exemple 1.14. The following four operations are the most common
t-norms :

(T5) Minimum : Ty (z,y) = min{z,y}.
(T6) Product : Tp(z,y) =z - y.
(T7) Lukasiewicz : Tp(x,y) = maz{x +y — 1,0}.

(T8) Drastic product :

x, if y=1
Tp(z,y)=1q vy, if z=1
0, if x,y<l.

15
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FI1GURE 1.7 — 3D plots of the four basic t-norm.

Let T be a t-norm on [0, 1]. An element « €]0, 1] is called a zero divisor
of T if there exists some b > 0 such that T(a,b) = 0. An element
a € [0,1] is called an idempotent element of 7" if T'(a,a) = a. T is
called Archimedean if T'(z,z) < x, for any x € [0,1]. Each « € [a, b]
is an idempotent element of the Minimum t-norm T (Actually T}, is
the only t-norm whose set of idempotent is equal [0, 1]), 73 has no
zero divisor. Each a €]0, 1] is a zero divisor of the Lukasiewicz t-norm
T, as well of the Drastic product t-norm 7. For two t-norms 77 and
T, on [0, 1], we define :

T <T < (Vo,y € [0, 1])(Th(z, y) < Ta(z,y)).

Let T and Ty be two t-norms. If T} < T5, then 77 is called weaker
than T3 (or equivalently, T5 is called stronger than 77). Note that Tp
is the weakest t-norm, and T}, is the strongest t-norm, i.e., for any
t-norm it holds : (79) Tp < T < Ty. Since, Ty, < Tp, it obviously
holds : (T10) Tp < T, <Tp <Ty.

16



Exemple 1.15. 1. Ty(z,y) = {

S v o e

CHAPITRE 1. Fuzzy SETS

0, if (z,y) €0, 1]

min(z,y), otherwise;

Ti(x,y) = max(z +y - 1,0);

Ty

Tvs(2,y) = 57orays
TZ(xa y) = TY;
Tos(a,y) = =2

T3(x,y) = min(x,y).

We have To <Ty < Ty 5 <Ty <Ty5 <Ts.

Démonstration. 1. To(z,y) = {

0, if (x,y)€[0,1[%

min(z,y), otherwise.

If (x,y) € [0, 1[* then, Ty < T.

If (z,y) ¢ [0,1] i.e., (z,y) € {1} x [0,1] or [0,1] x {1}.

If (z,y) € {1} x[0,1]: To(, y) = To(1,y) = y and Ta(z, y) =
Ti(1,y) = y then, Ty < T}.

If (z,y) € [0,1]x{1} : To(z,y) = To(z,1) = x and T (z,y) =
Ti(z,1) = x then, Ty <Ti. So, To(z,y) < Ti(x,y).

Then, TO S Tl.

2. T\(xz,y) = maz(x +y — 1,0) there are two cases :

(1) 2+y—1<0=Ti(z,y) = maz(z+y—1,0) = 0 < Ty 5(z, y);
(2) z4+y—1>0=Ti(z,y) =maz(zr+y—1,0)=x+y — L

Ty

Tys(z,y) — Ti(r,y) = Q—x—y—}-;py_(x—’_y_l)
_ (- 4y 12— (z+y) +ay)
2—x—y+uay '

Since (2 —x —y + zy) > 0, it is suffices to determine the
sign of the numinator [zy + (z +y — 1)(z + y — 2y — 2)]
(z+y—1)(zr+y—a2y—2)+uzy
=@+y-D(@+y—1)—(zy+1)) +ay
=(z4+y—-12—(x+y—1(zy+1)+ay
=(x+y—1)° -2y —ay® + 2ay

17
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= (z+y—1)?+ (zy — 2%y) + (zy — zy?) > 0.
Therefore, T 5(x,y) — T1(x,y) > 0.
Then, Ti(x,y) < T15(z,y).

Ty
Tis(z,y) = Tolw,y) = 2—x—y+a:y_xy
_ zy —xy(2 — (x +y) + xy)
2 -2 —y+ay '

Since 2 — (z + y) + xy > 0, thus it is enough to determine the
sign of the numinator

vy —wy(2—(z+y) +ry) = zyt+aylr+y—ry—2)
zy(r+y—xy—1)
zy((r — 1) +y(1 —2))
= ay(lz—1)(1—y) <0.
ThU.S, T1_5($,y) - TQ(xay) S O Then, T1.5<x7y) S T?('r7y)

(4) Tas(w,y) =

T+y—zy’
Ty
Tr(x,y) — Tos(z,y) = xy— m
_ wylr+y—ay) —ay
r+y—xy
_zylrty—ay—1)
B T+y— Ty '

The denominator is positive (z 4y —zy > 0), the numerator sign
should be studied

vy(r+y—azy—1) = ay(e(l—-y)+(@y—-1))
= zy(1—-y)(1-2)) <0.

ThU.S, T2($7y) - T2.5($a y) S 0. Then, TQ(J:a y) S T2.5(x7y)‘
3. Finally,

18
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vy s A <y
T2.5<x7 y) - Tg(ﬂf, y) = x—&-zy i h .
prrrri /F otherwzise.

Ifx <y:Tys(x,y) < min(z,y).
fax>y:Ths(z,y) <min(x,y).

Thus, for all (z,y) € [0,1% Tos(z,y) < Tx(z,y).
Consequently,

TO(xay) < Tl(x7y> < T1_5(I',y) < TQ(Z‘,ZJ) < T2_5<Z',y) < T3(‘T7y)

]

Définition 1.12. A binary operation * : [0,1] x [0,1] — [0,1] is a
continuous t-norm if ([0,1], %), is a topological monoid with unit 1 such
that a *b < c*xd whenever a <c¢ and

b<d (a,b,c,del01]).

1.3.2. T-conorms

Définition 1.13. [13] A t-conorm is a function S : [0,1]* — [0, 1]
that for any x,y,z € [0,1] satisfies (T'1) — (T'3) of Definition [1.1]]
and the following boundary condition S(z,0) = S(0,z) =z, S(z,1) =
S(1,z) = 0.

Remark 1.1. Given a t-norm T, we find the associated dual t-conorm
S by S(z,y) =1—T(1 —x,1—y). The dual t-conorms w.r.t. Ty, Tp,
Ty, and Tp are given by :

(S1) Maximum : Sy(z,y) = maz{z,y}.

(S2) Probabilistic sum : Sp(x,y) =z +y —x-y.
(T7) Lukasiewicz : Sp(x,y) = min{z +y, 1}.
(T8) Drastic sum :

1, if (z,y) €01
max{x,y}, otherwise.

SD('Can) = {
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S T \ S LCR G y -_/ e
| " ; /

F1GURE 1.8 — 3D plots of the four basic t-conorm.

Définition 1.14. (Duality between operation) [1] A t-norm T
and a t-conorm S are said to be dual for the strict negation n if they
satisfy the following formulas for all z,y € [0,1] :
S(x,y) = N(T'(N(x), N(y)));
T(z,y) = N(S(N(x), N(y)))-
Exemple 1.16. Let X = {a,b,c}, let A and B be two fuzzy subsets of
X such that
A ={(a,0.2),(b,0.4),(c,0.8)}, B = {(a,0.9), (b,0.1), (c,0.5)}. We can
use the operators of Lukasiewicz to define the union and the intersection
by

1. pangs(®) = T(pa, pp) = max(pa(x)+pp(x)—1,0), for any z €

X

2. pavsp(x) = S(pa, pp) = min(pa(z)+pg(x), 1), for any z € X.

Then, we get

1. Any B = {{a,0.1), (b,0),{c,0.3) };
2. AUg B = {{a,1),(b,0.5), (¢, 1)}.
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2 Fuzzy relations

The purpose of this second chapter is to provide a basic introduction
to the binary relations, fuzzy relations, operations and characteristics
of fuzzy relations.

2.1. Binary relations

A binary relation on a set X is a subset of X2, i.e., it is a set of couples
(z,y) € X?. For a relation R C X? we often write xRy instead of
(z,y) € R. Two elements x and y of a set X equipped with a relation R
are called comparable elements, denoted by x }f v, if it holds that z Ry
or yRx. Otherwise, they are called incomparable elements, denoted
by z ||r y, or simply x || ¥y when no confusion can occur. We denote
by R¢ the complement of the relation R on X, i.e., for any =,y € X,
xR denotes the fact that (z,y) € R. We denote by R' the transpose
of the relation R on X, i.e., for any z,y € X, xR'y denotes the fact
that yRxr. We denote by R? the dual of the relation R on X, i.e.,
for any z,y € X, 2R% denotes the fact that yR°z. A relation R on
a set X is said to be included in a relation S on the same set X,
denoted by R C S, if, for any z,y € X, xRy implies that zSy. The
union of two relations R and S on a set X is the relation RU.S on
X defined as RU S = {(z,y) € X? | xRy V xSy}. Similarly, the
intersection of two relations R and S on a set X is the relation RN S
on X defined as RNS = {(z,y) € X? | xRy AzSy}. f RN S = 0,
then R and S are called disjoint relations. The composition of two
relations R and S on a set X is the relation R o .S on X defined as
RoS ={(x,2) € X?| (Jy € X)(zRy A yS=z)}. For any n € N*, the

n-th power relation R™ of R is recursively defined as follows :
(R'=R)A(Vn>1)(R""'=R"oR).
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CHAPITRE 2. FUZzY RELATIONS

Définition 2.1. A binary relation R on a set X 1is called :
(i) reflexive, if, for any x € X, it holds that xRx ;
(i1) irreflezive, if, for any x € X, it holds hat xRz ;

(i11) symmetric, if, for any x,y € X, it holds that xRy implies that
yRz;

(iv) antisymmetric, if, for any x,y € X, it holds that xRy and yRx
imply that x =y ;

(v) asymmetric, if, for any x,y € X, it holds that xRy implies that
yRx ;

(vi) transitive, if, for any x,y,z € X, it holds that xRy and yRz
imply that xRz ;

(vi) antitransitive, if, for any x,y,z € X, it holds that xRy and yRz
imply that xRz ;

(vii) complete, if, for any x,y € X, either xRy or yRx holds.
Définition 2.2. A binary relation R on a set X is called :

(i) a pseudo-order relation if it is reflexive and antisymmetric ;

(ii) an order relation if it is reflexive, antisymmetric and transitive ;
(111) a strict order if it is irreflexive and transitive ;

() a total order relation if it is reflexive, antisymmetric, transitive
and complete ;

((v)) a tolerance relation if it is reflexive and symmetric ;

(vi) an equivalence relation if it is reflexive, symmetric and transitive.

A set X equipped with an order relation < is called a partially ordered
set (poset, for short), denoted (X, <). Further, {z,y}" denotes the
set of all upper bounds of z and y, while {z,y}' denotes the set of all
lower bounds of z and y, i.e, {z,y}* ={z € X |z <2z AN y <z} and
{r,yf={zeX|2<2 AN 2<y}.

To any order relation < corresponds a strict order relation < (its strict
part or irreflexive kernel) : x < y if x < y and x # y. Conversely, to any
strict order relation < corresponds an order relation < (its reflexive
closure) : x < y if x < y or z = y. A set X equipped with an order
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relation < is called a partially ordered set (poset, for short), denoted
by (X, <). To any order relation < corresponds a strict order relation
< (its strict part or irreflexive kernel) : z < y if x < y and = # y.
Conversely, to any strict order relation < corresponds an order relation
< (its reflexive closure) =z < yif z <y or z =y.

For any equivalence relation R on a set X, the tolerance/equivalence
class of an element x € X is given by [z]gr = {y € X | zRy}.

2.2. Fuzzy relations

In this section, we recall the basic definitions and properties of fuzzy
relations and several operations on fuzzy relations. The notion of
fuzzy relation was introduced in 1971 by Lotfi A.Zadeh in the paper
[18].

Définition 2.3. [I8] Let X and Y be two nonempty sets. A binary
fuzzy relation R from X to'Y, is a fuzzy subset of X XY characterized
by a membership function R which associates with each pair (x,y) its
grade of membership R(x,y) in the interval [0, 1].

Exemple 2.1. Let X = {a,b,c,d,e}. Then the following table repre-
sents a fuzzy relation R defined on X.

R(,.)| a b c d e
a 1 0 0 | 0551 0.40
b 0.34 012 0 | 0.35| 0.45
c 0 0 1 0 | 0.7
d 0.99 | 0.78 | 0.22| 1 0
e 0 078 0 0 | 0.54

Exemple 2.2. The fuzzy relation R 7 x approximately equal to 17 can
be defined on R x R by the membership function :

1

Bl )=y
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FIGURE 2.1 — Fuzzy relation.

2.3. Operations on fuzzy relations

Définition 2.4. [I7, 18] Let R, P be two fuzzy relations. R is said to
be contained in P (or P contains R), denoted by R C P, if for any
(x,y) € X x Y it holds that R(xz,y) < P(x,y). The transpose(or the
inverse) R' of R is the fuzzy relation from'Y to X defined by

R ={((z,y), B'(z,y)) | (z,y) € X XY}, where R'(z,y) = R(y, x) for
any (z,y) € X X Y.

The intersection of two fuzzy relations R and P 1is defined as

ROP = {{(z,y), min(R(z,y), P(x,y))) | (x,y) € X xY}.

The union of two fuzzy relations R and P is defined as

RU P ={((z,y), max(R(z,y), P(z,y))) | (z,y) € X XY}

The complement R¢ of R is the fuzzy relation defined as

R = {{(z,9).1 = R(z,y)) | (x,y) € X xY}.
Exemple 2.3. Let R and S be two fuzzy relations on X X X such that

X = {x7 y’ Z}?
represented by the following tables
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R| x Y z S| Yy z
x 1010908 =z ]06|02)|0.7
y 0911008y |[09)0.0]10
210810810l 2[01]0.7]0.6
The union and intersection relations defined by
RUS| x|y | z ||RONS| z |y | z
x 1.0 10.9]0.8 x 0.6 |02]0.7
Y 09]1.0|1.0 Y 09100108
z 0.8 108 1|1.0 z 0.1]0.71]0.6

The transpose relation is given by

The complementary relation is given by

Stl o |y | 2

z | 0.609]0.1
0.2100]0.7
0.711.0] 0.6

the following table

the following table

Sl x|y z
z | 04108103
y 101]1.0]00
2z 109103]04

Définition 2.5. [I, 2, 18] Let R, P and Q be three fuzzy relations from
a universe X to a universe Y .

(i) if R C P, then R* C P,

(ii) (RUP)' = R'U P,
(iii) (RN P)" = R' N P*;

(i) (R =R

(v) RN(PUQ) = (RNP)U(RNQ) and RU(PNQ) = (RUP)N(RUQ);
(vi) RUPD>R, RUPDP, RNPCR, RONPCP;
(vit) if RO P and R D @, then, R 2> PUQ;
(viti) if RC P and R C @, then, RC PNQ.
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Définition 2.6. [1} 2, 18] Let R be a fuzzy relation on X . The following
properties are crucial :

(i) Reflexive : if R(x,x) =1, for any v € X
(ii) Irreflexive : if R(x,x) =0, for any v € X;
(iii) Symmetrical : if R(x,y) = R(y,x), for all z,y € X;

(iv) Asymmetrical : if R(x,y) A R(y,z) = 0, with x # y, for all z,y €
X;

(v) Antisymmetry : if (R(z,y) > 0) A (R(y,x) > 0) then, z =
y , forallxz,y e X;

(vi) Transitive : if R(x, z) > mazyex (min(R(z,y), R(y, 2))), for allz,y, z €
X.

Définition 2.7. (Composition of fuzzy relations) Two fuzzy re-
lations R and S are defined on the sets A, B, and C' with RC Ax B
and S C B x C. The composition S o R of two relations R and S are
expressed by the relation from A to C, and this composition is defined
by :

SoR(x,z) = Maxyeg[Min(R(z,y),S(y, 2))].

This composition is called Max-Min composition.

Remark 2.1. The above definition corresponds to the one traditionally
used, but it is possible to replace min with a t-norm and the max by a
corresponding t-conorm.

Exemple 2.4. Consider the fuzzy relations R C Ax B and S C BxC
defined by the following tables :

R(,)| a | b |c| d
0.11020]| 1
0.3030] 0.2
08109104
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SL) | a | B | v
a |09 003
b 02| 1|08
c o8| 0|07
d |04)02]053

Then the composition of R and S is defined by the following table :

SoR(,.)| a | B | v
1 041021 0.3
2 0.310.3]| 0.3
3 0.8 0.9 0.8

2.4. Characteristics of fuzzy relations

In this section, we present some characteristics of fuzzy relations.

Définition 2.8. (The support of a fuzzy relations) Let R be a
fuzzy relation on a set X. The support of R is the crisp relation on X
given by

Supp(R) = {(z,y) € X* | R(z,y) > 0}.

Définition 2.9. (The kernel of a fuzzy relations) Let R be a
fuzzy relation on a set X. The kernel of R is the crisp relation on X
given by

Ker(R) = {(z,y) € X* | R(z,y) = 1}.

Définition 2.10. (The a-cut of a fuzzy relation) Let R be a
fuzzy relation on a set X. The a-cut of R is the crisp relation

Ry = {(z,y) € X* | R(z,y) > a} where a € [0,1].
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2.5. Particular classes of fuzzy relations

2.5.1. Fuzzy equivalence relations

Définition 2.11. A fuzzy equivalence relation R on X is a fuzzy
relation that is : fuzzy reflexive, fuzzy symmetric and fuzzy transitive.

Exemple 2.5. Let X = {a,b,c,d}. Then the following table represents
a fuzzy equivalence relation R defined on X.

R(,)| a | b | ¢ | d
1 10807 1
0.8, 1 |0.7] 0.8
0.7007 1 |07
110807 1

QU O o Q2

2.5.2. Fuzzy order relations

Définition 2.12. [2, [1] Let X be a nonempty crisp set and R be a
fuzzy relation on X. R is called a fuzzy order or a partial fuzzy order
if the following condition are satisfies :

(i) Reflexive, i.e., R(x,x) =1, for any x € X;

R(z,y) >0

T =y;
R(y,z) > 0 y

(ii) Antisymmetry :, i.e., {

(i) Transitivity, i.e., R(z, z) > mazyex (min(R(x,y), R(y, 2))), for allz,y, z €
X.

A nonempty set X with a fuzzy order R defined on it is called a fuzzy
ordered set and is denoted by (X; R).

Exemple 2.6. Let X = {a,b,c,d,e}. Then, the fuzzy relation R defi-
ned on X by R = {{(z,y), R(z,y)) | v,y € X}.
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where R is given by the following tables :

R(,)|lal|b|c| d e
a 110]0]0.65 | 0.50
b 0]1]0]0.35|0.45
c 0j{0j1] 0 |0.80
d 0100 1 0
e 0010 O 1

s a fuzzy order on X.

Exemple 2.7. Let m,n € N. Then, the following fuzzy relation R on
N is an fuzzy order, where

1, of m=n,
R(m,n)=q 1=2_ if m <n,

0, ¢f m>n.

On the basis of the above definition of antisymmetry we define a com-

plete (or total) fuzzy order as follows.

Définition 2.13. [I8] A fuzzy order R on a universe X is called
complete (or total) if for all x,y € X it holds that R(x;y) > 0 or
R(y;x) > 0.

Exemple 2.8. Let R be a fuzzy relation on X = {x,y, z} given by

Rlxz| vy z
x| 1]0.6]0.6
y 0] 1 (04
z 0] 0O 1

R is a total fuzzy order.
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3 Exercices

Exercice n°l :

1. Give a technique to obtain a fuzzy version for a given mathema-

tical notion.

2. What is the difference between crisp transitive relation and fuzzy

transitive relation ?

3. Give the definition of the t—norm.

4. Prove that f(z,y) = max(z,y) is a t—conorm, such that =,y €

0,1].

Exercice n°2 :

Let R be a fuzzy relation on X = {z,y, z} defined by :

MR | @ c
a |1 010
b {09 0
c 051011

1. Is R a fuzzy order relation?
2. Find : Ry3, Supp(R), Ker(R).
3. Determine S = Ro R.

Exercice n°3 :
Let A and B be a fuzzy subsets on R defined by :

1
) = e T
1

1. Study the sign of d(z) = p,(z) — p,(x).

2. Determine AUB, ANB, ANDBand AU B.
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Exercise 4:
Consider the fuzzy sets on the set of real numbers R defined by:
0, x<2
0, x<2
(x-2), 2<x<3
(x=2)/2,2<x<4
A(x) = and  B(x)=1l, 3<x<4
(x—4)/2, 4<x<6
6-x)/2, 4<x<6
1, x>6
0, x>6
1- Graph 4 and B.
2- Find AnB, AUB, A°, B and graph them.
Exercise 5:
1- Prove that the binary relation given by the following table is a fuzzy order
relation.
R a b c d
a 1 06 08 08
b 0 1 0 0.2
c 0 0.6 1 0.4
d 0 0 0 1

2- Find the following « — cuts: R;, Ro.s, Ro.s and SuppR.

Exercise 6:
Prove that any fuzzy set A on a universe X can be written as the union of its « — cuts,

ie.,

A(x) :( L[J ]a Au)(x) = sup a.y,,(x), forany xe X.
a€l0,1 aelo,1]

Notation : A, ={xe X | A(x)>a}.

Exercise 7:
Let Tp be a t-norm such that
X, ify=1
To(x,y) ={ Y, ifx=1
0, ifx,y<1

Prove that for all t-norm T: Tp(x,y) < T (x,y), for any x,y € [0,1].
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Exercice 8:
Soit 4 un ensemble flou dans I’ensemble des nombres réels R définit par:
0, x<2
H(x)=2(x—-2)/2,2<x<4
1, x>4

s

1- Représenter dans un plan cet ensemble.
2- Quel est son noyau, son support et sa hauteur.

Exercice 9:
Soit R la relation floue définit sur I’ensemble des nombres réels par:

R(x,y) = exp(—k(x - »)*) tel que K >0.
1- Montrer que R est reflexive, symétrique et non transitive.
2- Quel est son noyau et son support.

Exercice 10:
Soit X un ensemble non vide et A,B deux ensembles flous de X . Montrer que les

a — coupes des ensembles flous ont les propriétés suivants:

1- (AnB),=4,NnB,;

2- (AuB),=4,UB,.
Indication : Les A,tel que a e [0 s 1] sont les a —coupes de I’ensemble flou 4, i.e.,
A, = {x eX / pu,(x) 20{}.

Exercice 11:
Soit X un ensemble non vide et R une relation d’ordre floue sur X .
1- Montrer que la relation classique <, sur X définit par: x<, y & R(x,»)>0
est une relation d’order classique.
2- Estce que l'ordre <, est total?
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