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Introduction

In the 19th century, Alexander Lyapunov introduced a revolutionary approach to study the sta-
bility of solutions of ordinary differential equations (ODEs) without requiring explicit solutions.

His method, based on positive definite functions, remains a fundamental tool in stability theory.

This document presents a module on stability of ODE solutions, intended for first-year

master’s students in mathematics. It is organized as follows:

e Chapter 1: Fundamentals of ODEs, including the Cauchy problem, linear systems (with

variable/constant coefficients), and Floquet theory for periodic systems.
e Chapter 2: Notion of Lyapunov stability, with a focus on linear and nonlinear systems.

e Chapter 3: In-depth study of stability, particularly the stability of the zero solution for

both linear and nonlinear systems.

e Chapter 4: In this chapter, you will find tutorial problems reinforcing concepts from

earlier chapters along with actual exam questions from previous years.

The objective is to provide both theoretical foundations and practical applications.



Chapter 1

Reminders and Fundamental Concepts

Summary

This chapter introduces the fundamentals of differential equations, beginning with a general
overview and the Cauchy problem (existence and uniqueness of solutions). We then study linear
differential systems, particularly those with variable and constant coefficients, before concluding
with Floquet theory for periodic systems. Special emphasis is placed on both theoretical aspects

and practical applications.
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1.1 Introduction

Differential equations play a crucial role in various fields of science and engineering, providing
a mathematical framework for modeling dynamic systems. These equations relate a function to

its derivatives, encapsulating the behavior of physical, biological, and economic phenomena.

Differential equations can be categorized into two main types: linear and nonlinear. Linear
differential equations exhibit superposition, meaning that the sum of two solutions is also a
solution. This property simplifies the analysis and solution of such equations. In contrast,
nonlinear differential equations do not adhere to this principle, often leading to more complex

behaviors and phenomena such as chaos and bifurcation.

The theory of existence and uniqueness is fundamental in the study of differential equations.
It addresses whether a given differential equation has solutions and whether these solutions are
unique. The famous Picard-Lindelof theorem provides conditions under which a unique solution
exists for an initial value problem, emphasizing the importance of continuity and Lipschitz

conditions on the function defining the differential equation.

Understanding these concepts is essential for anyone working with differential equations, as they
provide the foundation for both theoretical analysis and practical applications in engineering,

physics, and beyond.

1.2 Overview of differential equations

1.2.1 Definitions

Definition 1.2.1 (Ordinary differential equation) An ordinary differential equation, also de-
noted as ODE, of order n is a relationship between the real variable t, an unknown function

t +— x (t) and its derivatives x', 2", ..., ™ at the point t, defined by:
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where F is not independent of its last variable ™. The variable t will be considered within an

interval I of R. The solution x will generally take values in R™, n € N*.

Definition 1.2.2 (Order of the Differential Equation)The order is defined as the highest deriv-

ative present in the equation.

Example 1.2.1 State whether the following differential equations are linear or nonlinear, and

give their order (justifying your answer).

dr  dx
—t)dt +2tdr =0, 2" =2' —t, — +t— —br =¢
(x)+x,xx,dt3+dtxe
d*z
" e t __
xx” 4+ 4z = sin(t), y) +e' =1z

n

+ z* = cos(t)

Definition 1.2.3 (Normal differential equation) A normal differential equation of order n is

defined as any equation of the form
2™ = f(t,z, 2. 2D)
where (™ denotes the n-th derivative of x with respect to t.
Example 1.2.2 Consider the second-order differential equation:
" =1+ 32 — 2z
Now, let’s look at a third-order differential equation:
" =e +x—a' + 2"

Definition 1.2.4 (Autonomous differential equation) An autonomous differential equation of

order n is defined as any equation of the form

™ = f (m,a:/, ...,x("*l))

4
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In other words, f does not explicitly depend on t.

Example 1.2.3 Second-Order autonomous Differential Equation: " = —kx,where k is a pos-

itiwe constant.

Third-Order autonomous Differential Equation: x" = —xx’.

Remark 1.2.1 Autonomous equations are very important when seeking stationary solutions as

well as their stability.

Definition 1.2.5 (Linear ordinary differential) A linear ordinary differential equation (ODE)

of order n is of the form:

an (8) 2™ (8) + any (8) 27D () + o+ ar ()2 () + a0 (D 2 () = g (1),

where all =% are of degree 1 and all coefficients depend at most on t.

Definition 1.2.6 (Nonlinear Differential Equation) An equation is nonlinear if it does not meet
the criteria for linearity. This includes cases where x or its derivatives appear to powers greater

than one, are multiplied together, or are involved in nonlinear functions (like sine, exponential,

etc.).

Definition 1.2.7 (SOLUTION) A solution to a differential equation of order n over a certain
interval I of R is any function x defined on this interval I, differentiable n times at every point
in I, and that satisfies the differential equation on I. Generally, we denote this solution as

(x,1).

Integrating a differential equation involves determining the set of all its solutions.

Example 1.2.4 Consider the first-order differential equation: 7 = kx, where k is a constant.

Thus, the general solution of the differential equation is: x(t) = CeM

, where C' represents a
constant determined by initial conditions. This solution is valid for any t in the interval [

where x is defined and differentiable.
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1.2.2 Maximal and global solution of a first-order differential equa-

tion

Let f: I x§) — R"™ where () is an open set in R". Consider the following first-order differential

equation

’

z (t) = f(tz(t)) (E)

Definition 1.2.8 We say that x is a solution of (E) if there exists a non-empty interval J C 1

such that:
1- for all t € J, we have z (t) € Q.

2- x is differentiable on J and satisfies © (t) = f (t,x (1)) for all t € J.

Definition 1.2.9 (EXTENSION) Letxz : J C I —R" and ¥ : J C I — R™ be two solutions

of the same differential equation. if J C J and x = & on J then we say that & is an extension

of x.

Example 1.2.5 Consider the equation x' = 2+/|z|. Let x be a solution defined on J =]—1,1]

by x(t) = 0.Show that the function & defined by

—(t+3)° sit<-3
z(t) = 0 si —3<t<?2

(t —2)? si t =2
18 a solution that extends x.

Definition 1.2.10 (SOLUTION MAXIMALE) A solution x : J C I — R" is called a maximal
solution if it does not admit any extension & : J C I — R™ with J G J. In other words,  is
a solution defined on the largest possible interval of definition (a maximal interval). Note that

J G J means that J is strictly included in J.

Ezample 1.2.6 The function x defined on J = R by x(t) = e~* is a maximal solution to the

equation x'(t) = —4x(t) because it is defined on R, which is a mazimal interval of definition.

6
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Lemma 1.2.1 Let f: I x Q — R, where Q) is an open subset of R, «, € R.

1- Let x be a solution of (x'(t) = f (t,z(t))) defined on |, +o0]. If the lim x(t) does not exist,

t—a

then x is a maximal solution.
2- Let x be a solution of (x'(t) = f(t,x(t))) defined on | — oo, B. If the limit lirré x(t) does
My

not exist, then x is a maximal solution.

Proof.

1- By contradiction, we assume that x is not maximal, which means it admits an extension T :

J C I — R with ]a, +00[G J. Since J is an interval, we have a € .J.

On one hand, since 7 is a solution of (F), it is differentiable on J.This implies that it is continuous
on J. Thus, it is continuous at t, = a. Therefore, lim & (t) = & (o) € R.On the other hand, we
t—a—
have Z = z on J, so lim z(¢) =lim & (¢) = (o) € R.This means that lim z () € R. This
t—a~ t—a~ t—a~

leads to a contradiction because we assumed that lim x (t) does not exist.

t—a~—

2- Similar to (1).

Example 1.2.7 Show that the function x defined on J =] — 00,0 by z(t) = % s a maximal

solution to the differential equation x'(t) = —x?.

Definition 1.2.11 (SOLUTION GLOBALE) If the solution x of (E) is defined on the entire

interval I (i.e., J = 1), then we say that x is a global solution.

Example 1.2.8 The zero function defined on R is a global solution to the equation x' = x

because it is a solution that is defined on the entire interval I = R.
Lemma 1.2.2 The global solution is a mazximal solution.

Proof.

The global solution is defined on the entire interval, which is the largest possible domain of

definition. This implies that it is a maximal solution.

Theorem 1.2.1 (Regularity of the Solution) Let f : IxQ) — R™ andk € N. if f € C* (I x Q)

then every solution of (E) is of class C*™1 on J C I.

7
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Proof.

By Induction

1- Base Case (k = 0):

We want to show that if f € C (I x Q), then z € C* (J).

Since x is a solution to the equation (E), it satisfies z° = f(¢,2). The function f(t,) is
continuous on J because it is a composition of two continuous functions: f and z.

Since ' exists, z is continuous. Thus, both 2’ and z are continuous, which implies that = €
ct(J).

2- Inductive Step:

Assume that if f € C* (I x ), then z € C**1(J).

Since z is a solution to the equation (E), it satisfies ' = f (¢, 2) which means 2’ is differentiable.
By the inductive hypothesis, z is of class C* with 2’ being continuous (as it is a composition

of two continuous functions of class C*).Therefore, 2’ is of class C*, and consequently, x €

Ck+1 (J) )

1.3 Existence and Uniqueness

1.3.1 Cauchy problem

Let f: I x§2 — R"™ where () is an open set in R". Consider the following first-order differential
equation

' (t) = f(t,x (1) (E)

Definition 1.3.1 Any first-order ordinary differential equation (ODE) (E) equipped with an

initial condition in the form:
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where (toxg) € I x Q, is called a Cauchy problem.

Definition 1.3.2 A function x : J C I — R" is a solution to the initial value problem (CP) if

it is a solution to the differential equation =’ (t) = f (t,z (t)) and satisfies the initial condition

l’(to) = X9-

Definition 1.3.3 A solution x : J C I — R" is called a mazimal solution of the initial value
problem (CP) if it is a mazximal solution of the differential equation (E) that satisfies the initial

condition x(ty) = .

Definition 1.3.4 A solution x : J C I — R"™ s called a global solution of the initial value
problem (C'P) if it is a global solution of the differential equation (E) that satisfies the initial

condition x(ty) = x.

Definition 1.3.5 (Orbit or integral curve) The orbit (or integral curve) of the solution ® to

z' (t) = f(t,z (t)) is the set of points:

A={(t,d(t) /tel,CI, () e}

The space R™ where the solutions take their values is called the phase space.

Remark 1.3.1 Let ) be a non-empty connected open subset of a Banach space X over the field

of real numbers R.

1- Solving the Cauchy problem (CP) locally amounts to finding an interval containing ty and a

function x of class C' on J that satisfies (CP).
2- When [ : I x Q — X 1s only continuous and the space X 1is infinite-dimensional, nothing
can be said about the solvability of the Cauchy problem (C'P) .

3- When f is continuous and X is finite-dimensional, the Arzela-Peano theorem guarantees that
the Cauchy system (C'P) admits at least one solution for every (to.xo) € I X €2, but uniqueness

18 not guaranteed in general.
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1.3.2 Questions

There are very few differential equations for which explicit solutions are known. For this reason,
in this course, we will focus on the existence, uniqueness, and dependence of solutions on the

initial conditions:

Under what conditions is a problem of ordinary differential equations well-posed? That is:
a) Existence: Does the equation admit a solution?

b) Uniqueness: Is this solution unique?

c¢) Continuous dependence on initial conditions: Does the solution depend continuously on the
initial data?

These questions are fundamental to understanding whether a differential equation problem is
mathematically meaningful and physically realistic.

In this section, we aim to answer these questions.

Definition 1.3.6 (Lipschitz function) Let C = Cy x Cy C I x Q. We say that f : [ x Q2 — R™
18 a Lipschitz function with respect to x, uniformly with respect to t, on C' if there exists a

constant k > 0 such that:

Vit € C1, Yoy, 29 € Co 1 || f (t,x1) — f (t,21)|| < K|z — 22|

Definition 1.3.7 (Globally Lipschitz function) In the case where C' = Cy x Cy = I x €, we say
that f : I x Q — R™ is a globally Lipschitz function with respect to x, uniformly with respect

tot.

Definition 1.3.8 (Locally Lipschitz Function) We say that the function f : I x @ — R" is
locally Lipschitz with respect to the second variable x if: For every (tg,zo) € I X €, there exists

a neighborhood V' of (to, zo) and a constant k > 0 such that:

Lf(twa) = f ()| S Bllay — 2o, V(@) € Vii=1,2 (1.3.1)

10
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Theorem 1.3.1 (Mean Value Theorem) Let U C R™ be an open set, and let f: U — R™ be a
function of class C (i.e., f is differentiable and its differential is continuous). Let a,b € U be

two points such that the line segment [a,b] is entirely contained in U, that is:
[a,b] ={a+t(a—b)/te[0,1]} CU
Then, there exists a point ¢ € |a,b] (i.e., c =a+ 6(b— a) for some 6 € (0,1)) such that:
fla) = f(b)=Df(c).(a—b)

where D f(c) is the Jacobian matrix of f at the point ¢, and . denotes matriz multiplication.

Proposition 1.3.1 Suppose the function f : I x  — R" is of class C' in a neighborhood of

(to, zo), where Q is an open set in R™. Then f is locally Lipschitz with respect to x at (tg, xo).

(The partial derivatives %, g—;j exist and are continuous in a neighborhood of (to, xq).)

Proof.

Since f is of class C!, the partial derivative % is continuous in a neighborhood of (tg, z¢). By

the Mean Value Theorem applied to f as a function of x, for xq, x5 in a neighborhood of =z,
there exists 6 € [0, 1] such that:

ftx) — f(t,z) = % (t,xo + 0(x1 — 23)) . (x1 — x2)

Taking the norm of both sides, we obtain:

IF o) = £ (o)l < |5 000 = 2| s = ]

The continuity of % in a neighborhood of (g, x¢) implies that H%” is bounded in this neigh-

borhood. Let K be an upper bound for ||% H in this neighborhood.

11
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We therefore have:

1f @) = f (x| < kg — 22

which shows that f is locally Lipschitz with respect to x at (to, xo)-

Example 1.3.1 Let ¢y = = f(t,y), with the initial condition x (ty) = g

Tie?
where I =]1,400[, 2]0, +00]

Show that if f € C! then f is locally Lipschitz.

Lemma 1.3.1 (Gronwall’s Lemma / Differential Form)

i) Let n: [a,b] — Ry be a continuous function satisfying the inequality:
n/(t) < ®(t).n(t) +1(t) for almost everyt € [a, ],

where ®,v : |a,b] — Ry are non-negative functions. Then, for all t € |a,b], the following

inequality holds:

n(t) < exp ( / t@(s)ds) [n(a) + / tw(s)ds] Wt € [a,b]

i1) In particular, if:

n(t) < ®(t).n(t) onla,b], and n(a) =0,

then n =0 on [a,b].
Proof. See Tutorial 01.

Lemma 1.3.2 (Lemme de Gronwall / Integral Form,)

i) Let ¢ : [a,b] — Ry be a continuous function satisfying the inequality:

v (1) < / b (s)ds+Co (ppit € [a,8])

12
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for Cy, Cs > 0. Then

P (1) < Coe™  (p.pit € [a,b])

i1) In particular, if

v <a [ W(s)ds (ppt € [ab]).

for Cy >0, then 1) =0 on [a, b).

Proof. See Tutorial 01. m

Lemma 1.3.3 A function z : J — R™ is a solution to the Cauchy problem (P) if and only if:
1- x is continuous on J, and for allt € J, (t,x (t)) € J x Q C I x

2- For allt € J, x(t) = o + fti f(s,z(s))ds.
Proof. See Tutorial 01.

Theorem 1.3.2 (Cauchy-Lipschitz Theorem, Local Existence and Uniqueness of Solutions).

Let tg € R, g € R", 19,15 € RY, and
f : [to — T(),t() +T0] X Bf (ZE(),TO) — R"

be a continuous function. Let k, M,T € R*.. Assume that:

1- f satisfies (1.8.1) for all t € [ty — Ty, to + To] and xq, x5 € By (x9,70),
2- For all (t,x) € [to — T, to + To] x By (vo,70), || f (t,2)|| < M,

3- T < min (To, TM‘)) .

Then there ezists a unique solution (I,x) to the Cauchy problem

v (t) = f(tx (1)

Jf(to) = 29

13
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where I = [tg — T, tg+ T]. Moreover, for any solution (J, z) of this Cauchy problem with J C

[to —T,to + T, we have z = z|;.

Proof.

We begin by proving the existence of a solution. If x : [to — Tty + 7] — R" is a continuous

function taking values in By (g, 79), then the function
t
t — xg +/ f(s,z(s))ds
to

also takes values in By (x¢,79). Indeed, for t € [tg — T, to + T, we have

< < M|t —to| < MT < 1o,

/t: f(s,2(s)) ds /t: I1f (s, 2(s))| ds

where we have used the hypothesis that 7" < 7%. We can therefore define a sequence (Tm)m>0

of functions from [ty — T, ¢ty + 1] to By (xg,70) by setting

Zo (t) = Xy,

T (t) = zo + /t f(s,zm-1(s))ds form > 1.

We will now prove, by induction on m > 1, that for all t € [to — Tty + T, we have

Em it — o™
m! '

[2m () = Zmy (B)]| < M

Indeed, for m = 1, we have

[[1 (8) = 2o (D] < M [t —to] .

14
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If we assume the inequality holds for some integer m > 1, then

/t (f (522 (5)) — £ (5, 2mr(5)))ds

241 () = 2m (B[] =

<

1(f (s, 2m(5)) = f (5, 2m-1(s)))] ds

t,

/t 12 (5) — Zus ()] dis

PR s — 1™
/ MM@‘
to

<k

<k
- m)!

ME™ [t — to| ™
(m+1)!

)

which proves the desired inequality for m + 1 and completes the induction.
From this statement, we deduce that for t € [to — Tty + 7] and m > 0, we have

Mkam+1

i () = (O]} < =

Therefore, the series of functions ) . %, defined by
20 = Xo, Zm = Ty — Tym—1 for m > 1,

converges uniformly on [ty — T, to + 7). This implies that the sequence of functions (x,,)m>0
converges uniformly on [to — 7', to + T']. If we denote by z : [t —T,to + 1| — By (xo,10) its
limit, then z is continuous (by uniform convergence). Moreover, by taking the uniform limit in

the equality

T (t) = 2o + /t f (s, xm_1(s))ds,

we obtain that

z (t) = xo —i—/t f(s,z(s))ds.

(To prove the uniform convergence of the function s +— f(s,z,,_1(s)) to s — f(s,z(s)), we use

the fact that f satisfies (1.3.1) on the considered domain.) In view of Lemma 1.3.3, this shows

15
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that ([to — T, to + T, x) is a solution to the considered Cauchy problem.

We now consider the question of uniqueness. Let z : [to — T, to + 1] — By (o, 70) be a function
such that ([to — T,to + T, ) is a solution to the Cauchy problem, and we want to show that
if (J, z) is a solution with J C [tg — T, to + T, then z = z| ;.

We observe that if (J, z) is such a solution, then for ¢t € .J, we have

[l (t) =z ()]l = /(f (s,2(s)) = [ (s,2(s)))ds

to
t
0

<

I(f (s,2(s)) = f (s, 2(s))) ]| ds

t,

/ e(s) — ()] d

<k

By applying Lemma 1.3.2 to the function s —|| z(s) — z(s) || (with A = 0), we deduce that for

all s € J, we have || z(s) — z(s) ||= 0, that is, z(s) = z(s).

Lemma 1.3.4 Let Q C RXR"™ be an open set, and let f : 2 — R™ be a continuous function that
is locally Lipschitz with respect to the second variable. Let (I1,x1) and (I3, x3) be two solutions

of the differential equation

’

w (1) = f(tz(t))

If there exists tg € I N Iy such that x1(ty) = z2(to), then

x1|11ﬁ12 - x2|[10]2 .

Proof. See (][9], Chap. X).

Corollary 1.3.1 Let 2 C R x R™ be an open set, and let f : 2 — R" be a continuous function
that is locally Lipschitz with respect to the second variable. Let ty € R and xq € R™ such that

(to,z0) € 2. The Cauchy problem
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admits a unique maximal solution. Moreover, its interval of definition is open, and any solution

to this Cauchy problem can be obtained by restriction of the maximal solution.
Proof. See (9], Chap. X).

Exercise 1.3.1 Let xq > 0. Consider the following Cauchy problem:

1- Find the explicit solution of the Cauchy problem.
2- Determine the maximal interval of definition of this solution.

3- Show that the maximal solution is not global, i.e., it is not defined on all of R.

We present here the Cauchy-Peano-Arzela Theorem, a key result in the theory of ordinary
differential equations. This theorem guarantees the existence of at least one solution to the

Cauchy problem, though it does not ensure uniqueness.

Theorem 1.3.3 (Cauchy-Peano-Arzela Theorem) Let tg € R, xg € R™, 7o, Ty € R, Assume
that the function f : [to,to + To] X By (20, 10) — R™ is continuous, where By (xg,79) is the closed

ball in R™ centered at xo with radius rg.

Furthermore, suppose there exists a constant M > 0 such that:

| f(t,x)]| <M Forall (t,x) € [to,to + To] x By (zo,70) -

Then, the Cauchy problem:
z (t) = f(tx(t))

I(to) = 29
has a solution x(t) defined on the interval [tg,to + To], where: T = min (TO, TMO) .

Proof. See (]9], Chap. X)

17
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Example 1.3.2 Consider the Cauchy problem:

t>0 (1.3.2)

This problem admits two solutions on the same time interval J:

Q?l(t) = O, J = R,

zo(t) =13, J =R,

Thus, the problem (1.3.2) does not have a unique solution on R.

Theorem 1.3.4 (Global Ezistence and Uniqueness) Let f : Q@ — R"™, where Q C R x R™, be
locally Lipschitz. Then, for every (to,zo) € Q, the differential equation x (t) = f(t,x (t)) has
one and only one mazimal solution ¢ : I C R — R" satisfying the initial condition (to, xo). The

interval I is open.

Proof. See [10].

The following result provides information about the behavior of maximal solutions.

Theorem 1.3.5 Let f: Q) — R”, where Q C R x R™ is open, be locally Lipschitz in x, and let
¢ :Ja, b[— R" be a mazximal solution of the equation ' (t) = f (t,x (t)). Then, for every compact
set K C S, there exist ax,byx with a < ax < bx < b such that (t,o(t)) ¢ K for all tt satisfying

a<t<ag orbg <t<b.

What this theorem tells us, in particular, is that if Q = R x R™ and b < oo, then ast — b,

(t,p(t)) must leave every compact subset of R x R™, and therefore necessarily ||¢(t)|| — oc.
Proof. See [10].

Theorem 1.3.6 . (Complement to the Global Existence and Uniqueness Theorem) Let Q0 =

Jt1,to[XR™ and f : Q@ — R™ be a continuous function such that for every m,m with t; < 7 <

18
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Ty < tg, there exists a constant K., ., satisfying
||f(t,!171) - f (t>x1>|| < KTl,T2 ||.l’1 - $2|| , V(t,(IZZ) S [Tl,TQ] X Rn,l = 1,2

Then, for every (to,zo) €|t1,t2[xR", there exists one and only one solution ¢ :)t,ts[— R"

satisfying the initial condition (to, xg).

Proof. See [10].

The following theorem is an easy consequence of Theorem 1.3.5.

Theorem 1.3.7 (Continuous Dependence on Initial Conditions and Parameters). Let f : Q —
R™, where Q C R x R™ is an open set, and f is locally Lipschitz in z. Let (to,xo) € 2, and let
Ptozo) * Litoze) — R™ be the maximal solution with initial condition (to,xo). Then, for every
closed and bounded interval I C Iy, 4, with tg € I, and for every e > 0, there exist 67,05 > 0
such that if

|t1 — t0| < (5; and ||ZL‘1 — .I'()H < (5;,

and if o1 : I; — R™ denotes the mazximal solution with initial condition (t1,x1), then:

1 C I,

llp1 (t) — @ (t)|| <€ foralltel.

Proof. See [10].

Let us define the flow ® of the equation by:
U = {(to,z0,t) € QX R/ t € L3520}

and

QU —=R", ®(ty,z0,t) = Pro,20) (1)

Here, ® represents the family of all maximal solutions. The following corollary is an immediate

19



Chapter 1. Reminders and Fundamental Concepts, Dr: SACI ATEF

consequence of the previous theorem.

Corollary 1.3.2 U s an open set, and ® is continuous.

1.4 Linear Differential Systems

1.4.1 Linear systems with variable coefficients

In this section, we will address systems of ODEs, which can be obtained directly by modeling
a problem involving several unknown functions, or by converting an nn-th order ODE into
a system of several first-order ODEs. We will deal here only with the specific case of linear

systems.

Definition 1.4.1 A first-order linear differential system in R"™ defined on an open interval

I C R is a system of the form:

(

2y (t) =ap (t)z1 () 4+ ... + ag, (£) 2z, (8) + 01 (2)

2 (1) = o1 (£) 21 (£) + oo + aop () T (£) + bo (2)

2 (t) = an1 (6) 21 (8) + oo 4 G (B) 2 () + by, (2)

\

where the functions a;;: I — R and b;: I — R are given. We always assume that these functions

are continuous on the interval I.
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For everyt € I, let:

bl (t) T (t)

by (t) w2 (1)
B(t) = , . A(t) = (ai; (1) € M, (R), and X (t) =

by (1) 2 (1)

The system can then be written in matriz form as:

X'(t) = A(t) X (t) + B (1) (5)

Definition 1.4.2 A solution to (S) is a function X : J — R", that is, a parametrized curve in
R™, defined on an open interval J C I, differentiable at every point t € J, and satisfying (5)

for allt € J (thus, the function X is of class C* on J).

Definition 1.4.3 The homogeneous system associated with (S) is the linear differential system

defined by:

X'(t) = A(t) X (¢) (SH)

As with first-order differential equations, we will use the notions of maximal solution and global

solution for the differential system (S).

We have the following result concerning the existence and uniqueness of solutions to the Cauchy

problem for (S):

Theorem 1.4.1 (Cauchy-Lipschitz) Let I be an open interval and a;;: I — R and b;: I — R

be continuous functions on I. Then, for all ty € I and Xy € R", the Cauchy problem

X'(t)=A(t) X (t) + B (1)
X (to) = Xo
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has a unique mazimal solution. This solution is global (defined on I ).

Proof. See Tutorial 02.

Remark 1.4.1 Every mazimal solution of (S) or (SH) is global: therefore, we will only con-

sider solutions defined on 1.

As with linear differential equations, we also have the superposition principle in the context of

linear differential systems.

Proposition 1.4.1 If X; : I — R" and X : I — R" are two solutions of the system (5), then
Z = X — X is a solution of the associated homogeneous system (SH). Therefore, any solution

X of (S) can be expressed in the form: X = Xy + Z where Z is a solution of (SH).

Conversely, if Z is any solution of (SH), then X1 + Z is a solution of (S).

Proof. See [2].

Therefore:

To find all the solutions of the linear differential system (5), it is sufficient to:
1- Determine all the solutions Z of the associated homogeneous system.

2- Determine any particular solution X; of (5).

The solutions of (S) are then all the functions of the form: X = X; + Z.

Proposition 1.4.2 The set Sy of solutions to the homogeneous linear differential system (SH)

is a vector subspace of the R-vector space C*(I,R™).

Proof. The set Sy is a subspace of C*(I,R") because:

- The zero function (which is trivially a solution) belongs to (SH).

- If Z; and Z, are solutions, then Z; 4+ Zs is also a solution (linearity).

- If Z is a solution and ¢ € R, then ¢Z is also a solution (scalar multiplication).

Thus, Sy satisfies the properties of a vector subspace.
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Proposition 1.4.3 The set Sy of solutions to the homogeneous linear differential system (SH)

m R™ 1s an R-vector space of dimension n.

Proof. Let us show that dim Sy = n: Fix ¢y € I, and consider the map ¢, defined as follows:

Ot 1 Sy — R"

7 — ¢, (Z) = Z (to)

It suffices to show that ¢, is an isomorphism (i.e., a bijective linear map) between Sy and R™.

This implies that dim Sy = dim R". Since dimR" = n, it follows that dim Sy = n.

Lemma 1.4.1 (Wronskian): Let X1, ..., X, : I — R™ be solutions of (SH). Then the following

three propositions are equivalent:
1- X1,..., X, are linearly independent.

2-There exists a ty € I such that the matrixz defined by

(X1 (to)|, - Xu (o)), (1.4.1)

18 tnvertible.

3- The matriz

(X1 (O] e X (D)), (1.4.2)

15 invertible for all t € 1.

The determinant of the matriz (1.4.2) is called the Wronskian.

Proof. See [4].

Definition 1.4.4 (FUNDAMENTAL MATRIX): Let Xi,...,X,, : I — R™ be solutions of

(SH). If the n functions are linearly independent, they are said to form a fundamental set of

23



Chapter 1. Reminders and Fundamental Concepts, Dr: SACI ATEF

solutions of (SH). We then denote

M) = (X1 (B)] oy X (D)), (1.4.3)

the n x n matriz, which we call the fundamental matriz of the system (SH).

Theorem 1.4.2 (HOMOGENEOUS SYSTEM SOLUTIONS) Let X;, Xs,..., X, be a funda-

mental set of solutions to (SH). Then any solution X of (SH) is of the form

n

X(t)=> aX;(t)

=1

where ¢y, co, ..., ¢, € R.
Proof. See [4].

Theorem 1.4.3 (Solutions of Non-Homogeneous Systems) Let X1, X, ..., X, be a fundamental
set of solutions for the homogeneous problem (SH), and let X, be a particular solution of (S).

Then, any solution X of (S) can be expressed in the form:
X(t)=X,+ ) cXi(t)
i=1
where ¢y, co, ..., c, € R.

Proof. See [4].

Theorem 1.4.4 Let M be a fundamental matriz of the system (SH). Then:
1- For all t € R, we have M'(t) = A(t)M(t).

2- The general solution of (SH) is given by X = MC, where C € R".

Proof. Let M be a fundamental matrix of the system (SH). Then, M = (X1, Xs,..., X,),

where { X1, Xs,..., X,,} is a fundamental system of solutions of (SH).
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1- We have:
M'(t) = (X1 (t), Xa(1),..., X (1))

This means:

M(t) = (X7 (1), X3 () ..., X, (1))

Since each X;(¢) is a solution of (SH), we know that X/(¢) = A(t)X;(t). Therefore:

M'(t) = (A()Xa (1), A() Xa(8), - -, A() X (8))

This can be rewritten as:

M(t) = A()(X1(t), Xa(t), ..., Xa(t)) = A(t)M (2)

Thus, we have shown that:

2- The general solution X (¢) of the system(SH) can be expressed as a linear combination of the

fundamental solutions X;(t), Xo(t),..., X, (). That is:

X(t) = 01X1<t) + CQXQ(t) + ...+ Can(t)

This can be written in matrix form as:

X(t) = (Xl(t)a XQ(t)v S 7Xn(t))0

where C' is the column vector of constants.

Thus, the general solution is:

Theorem 1.4.5 (Solution to the Cauchy Problem): Let M (t) be a fundamental matriz of solu-

tions to the homogeneous system (SH), and let B (t) be a continuous vector function. If the
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initial condition X (to) = Xo is specified at ty € I and Xo € R", then the unique solution to the

Cauchy problem:

X'(t)=A(t) X () + B(t), (1.4.4)
X (to) — XO-

18 given by:

X (t) = M()M™ (t) Xo + M(t) / M) B (s) ds (1.4.5)

Proof. by theorem 1.4.3 we have

X (t) =X, + Zn: ¢ X (t)

To find a particular solution X, to the nonhomogeneous system, we use the method of variation

of constants. Here are the detailed steps:

Step 1: We seek a particular solution X, in the form:

Xp = Z Xi ()i (1)

where:
X; (t) are the columns of the fundamental matrix M (t) (solutions to the homogeneous system),
~;: I — R are functions to be determined.

Step 2: By differentiating X,,, we obtain:
X, (8) =Y X0y () + D> Xi ()7 ()
i=1 i=1

Since X;(t) are solutions to the homogeneous system X' (t) = A(t) X (¢), we have X! (t) =
A(t) X; (t). Thus:
X, () =AY Xi()y () + Y Xi(£) 7 (¢) -
i=1 i=1

This can be rewritten as:

Xy (1) = A@) X, (1) + M ()7 (¢),

p
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where M (t) is the fundamental matrix and ~ (t) = (1 (£) , ..., 1 (1)) .

Step 3: We want X, to be a solution to the nonhomogeneous system:
X, () = A(t) X, (1) + B(t),

Comparing this with the expression obtained in Step 2, we deduce that:

Step 4: Since M (t) is invertible (as it is a fundamental matrix), we can write:
V() =M (t)B(t),
Integrating this equation, we obtain:

y(t):/t M~ (s) B (s)ds.

where ¢y € I is fixed.

Step 5: Substituting v (¢) into the expression for X,,, we find:

X, (0) = MO () =M () [ M) B(5)ds

Step 6: According to Theorem 1.4.3, the general solution to the nonhomogeneous system is
the sum of a particular solution X, and the general solution to the homogeneous system Xp.
Thus:
X(t)=X,(t)+Xg = M(t)/tM_l (s)B(s)ds+ M (t)C
to

where C' € R" is a constant vector.

Step 7: (Solution to the Cauchy Problem)
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If we fix an initial condition X (t5) = X, then the vector C' is determined by:
X (to) - M(to) C == XO
Since M (to) is invertible, we have:
C — M_l (to) X().

The solution to the Cauchy problem is therefore given by:

t

X (1) = M()M~" (to) Xo + M(1) / M~1(s)B (s) ds.
to

Corollary 1.4.1 The solution to the system (S)

X' (t)=A{t)X )+ B(t),

1S given by:

t
X (1) = X, (£) + Xyt = M(t)/ M1 (s) B (s)ds + M (t) C
to
Corollary 1.4.2 Let (tg, Xo) € I x R". The solution to the system

X' (t)=A{t)X (1), (1.4.6)
X (to) = Xo.

18 given by:

X (1) = MM (to) Xo (1.4.7)

Remark 1.4.2 The matriz M(t)M ™ (ty) is called the resolvent matrixz of the system (1.4.6).
It is denoted by R (t,19) . i.e

R (t,to) = M(t)M ™ (to)
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1.4.2 Linear systems with constant coefficients

In this section, we will consider a special case of the previous section. We will study problem
(S) with A being a constant. The methods of resolution for such systems rely heavily on
the properties of the matrix exponential and the structure of the matrix A. Specifically, we
will explore how to find solutions using techniques such as diagonalization, and the matrix
exponential e'4. These methods are particularly effective when A is a constant matrix, as they

allow us to derive explicit formulas for the solutions.

Matrix Exponential Method

The goal is to focus on finding a fundamental matrix M(t) € M, (R) for (S). We will use the

concept of the matrix exponential, which we will explain here.

We also recall that one definition of the exponential function e”, where z € R, is:

“+o0
x xn
e = E —.
n!

n=0

We will see that this definition also applies to matrix exponentials.

Definition 1.4.5 The matrixz exponential of a square matriz A € M, (R) is defined as:

=T+

A AT A XA
20 3l =2

n=0
where: I is the identity matriz of the same size as A.

Lemma 1.4.2 The series Z:i% % converges. This is defined using the operator norm

AX
|Al = sup lAX]
xern,xz0 || X]|

where ||.|| represents any vector norm on R™.
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Proof. For any k, [|A*|| < |A||*. We examine the absolute series of the original series:

Z IIA"II i 11"

The series on the right-hand side is the ordinary exponential series e/l which is a convergent

series for all finite values of || A]|.

the original series Z - = converges absolutely, and therefore converges in the space of matrices

M, (R).
Remark 1.4.3 We accept that the exponential of the zero matriz is the identity matriz, i.e.,

eOMn®) = T

where Oy, vy 15 the zero matriz and I is the identity matriz of the same size.

Proposition 1.4.4 Let A, B € Mn(R).
1- If AB = BA, then 1P = e4eB.
7A‘

2- For any matrix A, we have (eA)fl =e

3- Let A € R. Then, e?Mnt4 = ered,

Proof. See [12].
The question that arises then is: How can we find e??

1) If A is a diagonal matrix with a; on the diagonal, then e is the diagonal matrix with e®”

on the diagonal. i.e, if

a1 0 S 0 et 0 C 0
0 Qo9 . . 0 0 e 0
A= , o then % =
0 0 . . apm 0 0O . . e
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2) If A= PDP~!, where D is a diagonal matrix, then e = PeP P~
3) Let N be a nilpotent matrix of index m € N* (meaning N™ = 0 for some positive integer
m). Then,

N N N2 Nmfl

=1, — SR
e Pttt

4) Suppose that A = A+ N, where N is an upper triangular matrix with zeros on the diagonal.

Then, N™ = 0 for all m > n. Consequently,

Theorem 1.4.6 (Fundamental Solution) The matriz M (t) = e4 = Y0 LA™ js a funda-

mental solution of (SH). It is therefore invertible and satisfies M'(t) = AM (t).

Proof. By Lemma 1.4.2, the series 7% £ A" converges for any matrix A € M, (R) and any

n=0 n!

teR.

Differentiating term by term, we obtain:

d t"
M'(t A
(=7 Z
+oo tn—l

—A AL p=n—1
Z(n—l)! p=n

n=1
= Ai —A”

= A = AM(t)

The fundamental solution of a linear system is always invertible for all ¢ € R. Therefore, M(t)

is invertible for all ¢ € R.

Theorem 1.4.7 (Solution to Homogeneous Systems): The general solution of the system X'(t) =
AX(t) is given by
X(t) = e,
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where C' € R".
Proof. X (t) = eC is a solution due to the properties of the matrix exponential.

Theorem 1.4.8 (Solution to Non-Homogeneous Systems): If A is a constant matriz, then the

solution to (1.4.4) is given by

t
X (t) = Al X +/ A9 B (s) ds.
to
Proof. The proof of this theorem is the same as the proof of Theorem 1.4.5. Both rely on
the variation of parameters method and the properties of the matrix exponential to derive the

solution to the non-homogeneous system.

Corollary 1.4.3 Let (tg, Xo) € I x R™. The solution to the system

X' (t) = AX (¢),
X (to) = Xo.

1S given by:

X (t) == eA(t_tO)Xo.

Spectral Method

The spectral method is a powerful tool for solving systems of linear differential equations with
constant coefficients. Consider the system X' (t) = AX (¢), where A is a square matrix with
constant coefficients. The eigenvalues and eigenvectors of A play a key role in constructing

solutions to this system.

Lemma 1.4.3 Let A € M,(R), A € R be an eigenvalue of A, and V € R™ be an eigenvector
associated with \. Then, the function X : R — R" defined by X (t) = eMV is a solution to the
system X' (t) = AX ().
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Proof. By differentiating X (¢), we obtain X’ (t) = Ae*V. On the other hand, multiplying
A by X(t) gives A.X(t) = A.(eMV) = eMAV. Since V is an eigenvector associated with ),
we have AV = AV, which implies A.X () = eM\.V. Therefore, X' (t) = AX (t) for all t € R,

proving that X (¢) is indeed a solution to the system.

Theorem 1.4.9 If A admits n linearly independent eigenvectors Vi, Vs, ..., V., associated with
the real eigenvalues A1, g, . .., A\n, then the general solution of the homogeneous system (SH) is

giwen, for allt € R, by:

X (t) = aVieMt + Ve 4 L 4 ¢, Vet

where ¢y, co, ..., cp € R.

Proof. To prove the result of the theorem, we define for all t € R:

X, (1) = VieMt, Xy (1) = Voet, .. X, (t) = Ve

To show that the general solution of the homogeneous system (SH) is given by the linear com-
bination of these functions, it is sufficient to prove that {X;, Xs,..., X} forms a fundamental

system of solutions for (SH).
Proof that X7, Xs, ..., X,, are solutions of (SH):

From the previous lemma, each X; (t) = V;etit is a solution of (SH) because V; is an eigenvector

of A associated with the eigenvalue ;.
Proof that X, Xs, ..., X, are linearly independent:

Consider the Wronskian W (t) of the system at ¢t = 0:

W (0) = det (X1 (0), Xs (0, ... X,, (0)) = det (Vi, Va, ..., V).
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since V1, Va, ..., V,, are linearly independent (by assumption), the determinant det (V3, V5, ..., V},)

is non-zero:
W(0) #£0
this ensures that the solutions X7, X5, ..., X,, are linearly independent.
ince X, Xo,..., X, are solutions of (SH) and linearly independent, they form a fundamental

system of solutions. Therefore, the general solution of (SH) is given by:
X (t) = e} VieM! + Vo 4 .+ ¢, Ve,

where ¢, c9,...,¢, € R.

Corollary 1.4.4 If A admits n distinct real eigenvalues A1, o, . .., \,, then the general solution

of the homogeneous system (SH) is given, for allt € R, by:

X (1) = o VieM + Ve + .+ ¢, Ve,

where c1,Ca, ..., c, € R. Here, V1, Vs, ..., V, are the eigenvectors associated with the eigenvalues

A1, A2y - ey A, TESpectively.

Proof. Since A admits n distinct real eigenvalues A1, \o, ..., \,,, the corresponding eigenvectors

are linearly independent. Therefore, we conclude by applying the previous theorem.

1.5 The Floquet theory

The Floquet theorem is a fundamental result in the study of systems of linear differential equa-
tions with periodic coefficients. It is particularly useful for analyzing the stability of solutions

to such systems.
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Theorem 1.5.1 (Floquet 1883) Consider a system of linear differential equations of the form:

X' (t) = A(t)X (t) (1.5.1)

where A(t) is a square matriz whose elements are periodic functions with period T', that is,

A(t+T)=A(t) forallt € R.

The fundamental matriz ®(t,0) of the system (1.5.1) can be expressed in the form:

®(t,0) = P (t) "

where:
- P(t) is a T-periodic matriz, meaning P(t +T) = P(t), and P(0) = I (the identity matriz).

- B is a constant matriz.

Proof.(main idea):

1- We start by considering the fundamental matrix & (¢,0), which is a solution to the system
X' (t) = A(t)X (t) with ®(0,0) = I (the identity matrix).

2- Using the periodicity of A(t), we show that ®(¢ + T',0) is also a fundamental solution.

3- Consequently, there exists a constant matrix C' such that ®(¢t + 7,0) = ®(¢,0)C.

4- By diagonalizing C' (or using its Jordan form), we can write C' = e®T where B is a constant

matrix.

5- We then define P(t) = ®(t,0)e 5" and verify that P(t) is periodic with period T" and that
P(0) =1.
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Chapter 2

The Concept of Stability

Summary

This chapter focuses on the Lyapunov stability analysis of solutions to ordinary differential

equations, with special emphasis on linear systems
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2.1 Introduction

By definition, stability implies that if a system is in equilibrium, it will remain in this state as
time evolves. Lyapunov stability analysis involves studying the system’s trajectories when the

initial state is close to an equilibrium point.

The key objective of stability theory is to draw conclusions about the system’s behavior without

explicitly computing its trajectories.

2.2 The case of ordinary differential equations

To explore classical results on Lyapunov stability, we first recall the following fundamental

definitions.

We denote by

- 2 a non-empty open subset of R" (where n € N*),

- I a non-empty interval of R, unbounded on the right.

For a continuous function f : 2 — R™ we associate the autonomous system:
)

dx
"= = — 2.2.1
Y= fw), =S 221)
For a continuous function f : I x {2 — R", we associate the non-autonomous system:
¥ = f(t,x) (2.2.2)

The notation x(t,tg, xo) = x(t) refers to a solution z(t) of system (2.2.1) or (2.2.2) such that

x(tg) = wo.

Definition 2.2.1 For the autonomous system (2.2.1) :
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a point x* € Q is called an equilibrium point (or fixed point) if:

f@) =o0.

This means that if the system starts at x*, it remains there for all time, i.e., x(t) = x* is a

constant solution.

Definition 2.2.2 For the non-autonomous system (2.2.2) :

an equilibrium point is a point x* € ) such that:

f(t,z*) =0, Vtel.

This means z(t) = x* is a constant solution for all time t.

Example 2.2.1 Consider the following system:

Ty = To

rh=—(1—a3)xy — 11 — 2%

Determine the equilibrium points of the system.
Finding Equilibrium Points
An equilibrium point (x7, z%) satisfies:
From z} =0
T = 0.

Substitute x5 = 0 into z, = 0:

—xl—x%:0:>x1:0, ry = —1.

Equilibrium Points: (x},23) = (0,0), (27, z3) = (—1,0),
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Definition 2.2.3 (Stability, [7])

We say that an equilibrium point x = x* is stable (in the sense of Lyapunov) if:

Ve > 0,Vtg > 0,30 = §(to,e) > 0, such that

| zo — 2" ||< 0 = z(t) — 2" ||< &,V > .

Specifically for n = 2

Consider the second-order system of differential equations:

dx

i fi(t,z,y)
d
d_i = f2 (t7 x, y)
z(to) = zo, Y(to) = ¥o (2.2.3)

The equilibrium point (x =y = 0) is stable (in the sense of Lyapunov for t — +o0) if:

Ve > 0,Vty > 0,36 = d(to,e) > 0, such that for any solution of (2.2.3), (z(t),y(t))

|zo| <0, and |yo] < d = |z(t)| < e and |y(t)| < e,Vt > to.

Example 2.2.2 Study the stability of the solution of the following system:

2 (t) = -9y
y(t) ==
x(to) =0, y(to) =0 (2.2.4)

such that, the general solution of the system (2.2.4) is

x (t) = —3cy sin (3t) + 3¢ cos (3t)

y (t) = c1 cos (3t) + cosin (3t)
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Definition 2.2.4 (Asymptotic Stability, [7])
An equilibrium point x* is said to be asymptotically stable (AS) if:
1- It is stable (in the sense of Lyapunov).

2- It is attractive:

04 (to) > 0 such that || xg — 2™ ||< 0, = lim x(t) = z™.

t——+o0

Definition 2.2.5 (Uniform Stability, [7])

An equilibrium point x = x* is said to be uniformly stable (US) if:

Ve > 0,30 = d(e) > 0, such that Vtg > 0,

| xo — 2" ||< 0 =|| x(t) — 2™ ||< &, Vt > 1.

Definition 2.2.6 (Uniform Asymptotic Stability, [7])
An equilibrium point z* is said to be uniformly asymptotically stable (UAS) if:
1- Uniformly Stable (US).

2- Uniformly Attractive:

39, > 0 independent of to, such that ¥Ye > 0,37 =T(e,d,) > 0,

| 2o — 2" ||< d0 =] 2(t) — 2" ||< e, VE >ty + T.

7.€

*

3 9, > 0 independent of ty, such that || zo — 2" ||< do = tlil_gl x(t) = z*.

Definition 2.2.7 (Ezxponential Stability, [7])

An equilibrium point x* is said to be exponentially stable (ES) if there exists a neighborhood

U(z*) of *, and constants Ay > 0, Ay > 0 such that:

| x(t) — " [|[< A || 2o — 2™ || e’AZ(t’tO),on e U(x"),Vt >ty > 0.
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Here, the constant s is called the rate of convergence (or exponential convergence rate).

Example 2.2.3 Consider the following problem.:

x (tg) = o (2.2.5)

1- Determine the solution of problem (E).
2- Using the definition, analyze whether the equilibrium point of the problem is:

Stable, uniformly stable, asymptotically stable, uniformly asymptotically stable, exponentially

stable.
Solution

1- The given equation is a first-order linear ODE:

where C' is a constant determined by initial conditions.

FEaxplicit solution:

z(t) = mge~(t=t0)

2- Equilibrium Point

The system has an equilibrium point at x = 0, since:

() =0=2=0

3. Stability Analysis
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a) Stable (Lyapunov Stability)

Ve > 0,Vtg > 0,36 = §(to, &) > 0, such that

|| < 6 = |z(t)] < e,Vt > to.

we have

lz(t)] = ‘xoe_(t_t°)| < |wo|e™ <& Since t >ty >0

choose §(tg,e) = e, Then
|zo| < & = |x(t)| < e, Vt > to.

The equilibrium is stable.

b) Uniformly Stable

Ve > 0,36 = d(e) > 0, such that Yty > 0,

| zo ||< 0 = z(t) ||< &, Vt > to.

The stability is uniform if § is independent of ty.

we have

lz(t)] = }xoe’(t’t())‘ <|zo| < e Sincet >ty >0

choose §(¢) = ¢, Then

|zo| < & = |x(t)| < &, Vt > to.

The equilibrium 1s uniformly stable.
c) Asymptotically Stable

- Stability is already proven.
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364 (to) > 0 such that |zo| < 6, = lim z(t) = lim zee~ ") = 0.

t—-+o00 t——+o00

The equilibrium is asymptotically stable.
d) Uniformly Asymptotically Stable

The convergence x(t) — 0 is uniform in ty (i.e., the rate does not depend on t;).

The decay rate e~ %) 4s exponential and independent of to.
The equilibrium is uniformly asymptotically stable.

e) Exponentially Stable

I\, Ao > 0, such that |z(t)] < Ay |zo| e 271) Wt > ¢,

Here,

lz(t)| = !xoe’(t’t°)| , so A\ = land \y = 1.
The equilibrium is exponentially stable.

Remark 2.2.1 (Lyapunov Stability Counterexamples, implications)

Lyapunov stability # Uniform stability

(Example: © = —x/(1+1))

Asymptotic stability % Uniform asymptotic stability

(Example: & = —23/(1 + 1))

Uniform stability + Asymptotic stability + uniform convergence = Uniform asymptotic
stability

(Standard result - no counterexample needed)

Exponential stability = Asymptotic stability = Stability

(Example: & = —x demonstrates all three)
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2.3 The case of a system of linear differential equations

Consider the differential system:

Nonhomogeneous system:

y(t) = AWy() + F(1 (2.3.1)

Homogeneous system:

y'(t) = Alt)y(t) (2.3.2)
where:
e A(t) € M,(R) is a continuous matrix function,

e f(t) is a continuous vector function,

e defined on the interval I = (a, +00).

Definition 2.3.1 The system (2.3.1) is said to be stable (resp. unstable) if all solutions are

stable (resp. unstable) in the sense of Lyapunov.

Theorem 2.3.1 (/8]) For any arbitrary function f of class C(I), the system (2.3.1) is stable

if and only if the zero solution of system (2.3.2) is stable.

Proof. (=) Let ty € I and ¢(t) be a stable solution of the homogeneous system (2.3.2) on
the interval [tg, +00) with ¢(ty) = yo. By definition of stability (in the sense of Lyapunov), for
every ¢ > 0, there exists 0 > 0 such that for any solution v (t) on [tg, +00) with initial condition

¥ (tg) = 2o satisfying ||yo — 20|| < 9, we have:
le(t) =)l <& Vi=to.

Now consider the function:

@ (1) = @(t) — ¢(t) (2.3.3)
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which is a solution of the homogeneous system (2.3.2). By hypothesis, ¢* satisfies:

Ve > 0,39 > 0 such that ||p"(to)| <0 = |l¢" ()] <e ¥Vt >t (2.3.4)

Since any solution of system (2.3.2) can be written in the form (2.3.3), the condition (2.3.4)

implies the stability of the zero solution of (2.3.2).

(<) Conversely, assume the zero solution of (2.3.2) is stable. Then for any solution ¢*(¢) of
(2.3.2) on [tg, +00), condition (2.3.4) holds. Let ¢(t) be a particular solution of the nonhomogen-
eous system (2.3.1) on [tg, +00) and 9 (t) an arbitrary solution of the same system on [ty, +00).

We deduce from (2.3.4) that:

lp(t) =(B)]] < e whenever [[p(to) = ¥(to)[| < 0.

This proves that ¢(t) is stable. m

Corollary 2.3.1 (/8/) The following statements hold for the differential systems (2.8.1) and
(2.3.2):

1. The system (2.3.1) is stable (respectively asymptotically stable) if and only if the homo-

geneous system (2.3.2) is stable (respectively asymptotically stable).

2. To study the stability of solutions of system (2.8.1), it suffices to study the stability of the

zero solution of system (2.3.2).

3. For the stability analysis of any solution of system (2.3.1), it is sufficient to study the

stability of at least one of its solutions.

4. The system (2.5.1) is uniformly stable (respectively uniformly asymptotically stable) if
and only if the zero solution of system (2.3.2) is uniformly stable (respectively uniformly

asymptotically stable).

Theorem 2.3.2 (/8]) The homogeneous system (2.3.2) is stable if and only if every solution

©(t) of the system on the interval [ty, +00) is bounded.
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Proof. (=) Assume all solutions of system (2.3.2) are bounded on [tg, +00). This means the
resolvent matrix M (t) = ®(¢)®(to) " of system (2.3.2) is bounded, i.e., there exists a constant
K > 0 such that:

IM(t)]| < KVt >t

Any solution ¢(t) of system (2.3.2) can be expressed as:

Therefore:

le@I < [IM @)l (to)ll < Klle(to)]l-

This implies Lyapunov stability: for every ¢ > 0, choose § = /K such that:

lp(to)ll < 0= llp®)ll <& Vi =t

Thus, the zero solution is stable, and consequently all solutions of system (2.3.2) are stable.

(<) Conversely, suppose there exists an unbounded solution ¢(t) of system (2.3.2) on [tg, +00).
Clearly ¢(ty) # 0.

For a given 0 > 0, define the scaled solution:

Note that ||1(to)|| = /2 < 0.

Since ¢(t) is unbounded, there exists t; > ¢, and €1 > 0 such that:

(el = 21 5 >

which contradicts the stability of the zero solution of system (2.3.2). m
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Example 2.3.1 Consider the system:

=1+t—x
(2.3.5)

y=1+t-y
with initial conditions x(0) = xq, y(0) = yo. Does the solution of problem (2.3.5) satisfy:

Stable, uniformly stable, asymptotically stable, uniformly asymptotically stable?"

2.4 Well-posed and ill-posed problems

According to Jacques Hadamard [6], a mathematical problem is said to be well-posed (in the

sense of Hadamard) if all the following conditions are satisfied:

1. A solution exists.
2. The solution is unique.

3. The solution depends continuously on the given data.
The problem is ill-posed if any one of these conditions is not met.
Example 2.4.1 (Well-Posed Problems)

The Dirichlet Problem for Laplace’s Equation

Au=0 1in,

u=f  on 0%,
where (2 is a bounded domain with smooth boundary.

1. e FEzistence: A solution exists (under smoothness conditions on f).
o Uniqueness: Guaranteed by the maximum principle.
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e Stability: Small changes in f lead to small changes in w.

Initial Value Problem for the Heat Equation

Uy = Au for t > 0,
u(I,O) = f(l”),
1. e Existence & Uniqueness: Holds under reasonable conditions on f.

e Stability: The solution depends continuously on initial data f.

Example 2.4.2 (Ill-Posed Problem) Consider the following boundary value problem:

(2.4.1)

Given:

o a(z)=a?+1

o f(z)=322+1

1—a2
2

e Proposed solution: y(z) =

Verification:

1. Derivative calculations:

y(@)=—-2 = alx)y?+ 1z

=322 -1

—~
e
—
8
SN—
<
—
I
|
8
w
|
8
~—
|

—(a(z)y)?* +1 = f(x) (verified)
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2. Boundary conditions:

y(—1) = —— =0, y(1)= =0 (verified)

I1lI-Posedness Observation: The differential equation admits a unique solution in this case,

but the problem becomes ill-posed if:

e Condition 1 (Existence): For a(z) = £+ +1 (with ¢ # 0), the solution doesn’t exist

because a(z) is undefined at = 0.

e Condition 3 (Stability): A small perturbation of a(z) (e.g., ac(x) = 22 + 1 + €¢/z) can

make the problem unsolvable.

Conclusion: Problem (2.4.1) is well-posed for a(x) = x? + 1, but slight modifications to a(z)

make it ill-posed (violation of existence). This illustrates sensitivity to data.
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Chapter 3

Stability Analysis

Summary

This chapter studies the stability of zero solutions in different types of differential systems. First,
we analyze both autonomous and non-autonomous linear systems. Then, we examine nonlinear
systems using Lyapunov’s two methods: the direct and indirect approaches, each applied to

autonomous and non-autonomous cases.
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3.1 Stability of the Zero Solution in Linear Differential

Systems

3.1.1 Autonomous Linear System

Consider the system @ = Az which has the origin as an equilibrium point.

The stability properties of the origin can be characterized by the eigenvalues of the matrix A.

Recall that the solution of the system is given by:
z(t) = ex(0).

The solution of the Cauchy problem with initial condition x(ty) = zy is given by:

z(t, zo) = etz

Stability is linked to the behavior of e =%)4 as ¢ tends to +oo, where its norm [e%)4| must

remain bounded. Let us distinguish a few cases:
First Case: Scalar System (n = 1)

For A = (a) € R, we have:

‘e(HO)a‘ _ plt—to)R(a)

The solutions are stable if and only if this quantity remains bounded as t — +o00, which occurs

when R(a) <0.

Moreover, the solutions are asymptotically stable if and only if R(a) < 0. In this case, we have:

o(t) = et=to)R@) __,

t—00

Second Case: General System (n > 1)

If A is diagonalizable, the eigenvalues (\;)1<;<, are solutions of the characteristic polynomial
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P,(X) of the matrix A, defined by:
P,(A\) = det(A — AI).
The system reduces to independent equations:
v = Naxj, j=1,...,n,

which admit the solution:

z;(t;y) =y,

The solutions are:

e stable if and only if Re();) <0 for all j,
e asymptotically stable if and only if Re();) < 0 for all j,

e unstable if there exists j such that Re(\;) > 0.

If A is not diagonalizable, we analyze its Jordan canonical form. Suppose A is represented

as a Jordan block:

A=\ +N,

where:

e ) is an eigenvalue of A,
e N is a nilpotent matrix (strictly upper triangular) with N™ = 0.
The matrix exponential e(*~t0)4 is given by:

n—1

e(t_tO)A — e(t—to)kf X e(t to) N _ At—to) Z t_ tO k.
k=0 :
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t—tg)A

e The coefficients of ¢! are products of:

— eMt=t) (exponential term),

— Polynomials in t of degree < n — 1 (due to nilpotency of V).

e Since N # 0, at least one polynomial term is non-constant (degree > 1).

1. Asymptotically Stable:

e If Re(\) < 0, the exponential decay dominates, and all solutions tend to 0:

tlim |e—t)4)| = 0.

2. Unstable:

e If Re(\) > 0, the exponential growth dominates, and solutions diverge:
ltlim e 14| = +o0.

)\(t—t()

o If Re(\) = 0, the exponential term |e )| = 1, but the polynomial terms make the

solution unbounded:

(t—to

|e®t0)4|| grows polynomially (unstable).

Remark 3.1.1 (Key Differences from the Diagonalizable Case)

e Non-diagonalizable case: Solutions involve polynomial terms due to nilpotency.

o Stability still depends on Re(X), but: If Re(\) = 0, polynomial terms cause instability

(unlike the diagonalizable case, where solutions remain bounded).

Example 3.1.1 (Stability Analysis for a Diagonalizable System)
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Consider the linear system:

= Ar, where A=

The origin x = 0 is an equilibrium point, and A is diagonalizable.
- Eigenvalues: A\ = —2, Ay = —1.

- Eigenvectors:

- General Solution

All solutions decay to 0.
- Stability

Since Re()\;) < 0 for all 4, the origin is asymptotically stable.

Example 3.1.2 (Non-Diagonalizable System Stability)

Consider the system:

-1 1
T=Axr, A=
0 -1
The matrix A is not diagonalizable (Jordan block).
- Jordan Decomposition
01
A=XN+N, A=-1, N= , N?=0.
00

- Matrix Exponential
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- General Solution

- Stability

Since Re(\) = —1 < 0, the origin is asymptotically stable, despite the polynomial term t.

3.1.2 Non-Autonomous Linear Systems

Consider the system:

&= A(t)x, A(t) continuous.

The solution is:

x(t) = R(t,to)x(to),

where R(t,ty) is the resolvent matrix.
Theorem 3.1.1 (Uniform Asymptotic Stability)

The origin is uniformly asymptotically stable iff:

|R(t,to)|| < ke @)Vt > 15 >0, k,a>0.

Example 3.1.3 Consider the time-varying linear system with.:

A = —1+sin(t) 0
0 —1
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- Resolvent Matrix Calculation

Since A(t) is diagonal, the resolvent matrix R(t,to) is:

ef:()(—l—i—sin(s))ds 0
R(t, to) =

- Stability Analysis

For the first component:
efjo(_1+sin(s))ds < 6f:0(—1+1)ds
=e’ =1 (since sin(s) < 1)
The 2-norm is given by:

t .
||R(t7 to)” — max < efto(—1+51n(s))ds

: |e*(t*to) ‘)

withe

efti)(—l—‘rsin(s))ds < eftto(_lﬂ)ds

=¢e’=1 (since sin(s) < 1)
And for the second component:

e (710 = e=(10) <1 for t > ¢,

Thus:

|R(t,t0)] < max(l,e*(t*t0)> <1
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The uniform asymptotic stability requires:

o)l S ke TV with K, o >
R(t,to)|| < ke™@=%)  with k 0
Our computation shows:

|R(t, t)]| <1=1-¢ 000

This corresponds to a = 0, which fails the stability requirement (o > 0 needed).
- Modified System for Stability

Consider the modified system:

Now the integral becomes:

/t(—2 + sin(s))ds < —1.5(t — tg) (since sin(s) > —1)

to

Thus:

1Rt to)|| < e 50

The modified system satisfies:

IRt to)]| < ke

with £ =1 and o = 1.5 > 0, proving uniform asymptotic stability.
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3.2 Stability of the Zero Solution in Nonlinear Differen-

tial System

3.2.1 Autonomous nonLinear System (Lyapunov’s direct method)

Consider a continuous function f : R” — R" and its associated autonomous system:

i = f(z) (3.2.1)

Definition 3.2.1 (Total Derivative) For the system (3.2.1) and a function V : R™ — R with

partial derivatives on R", we define the total derivative V. of the system (8.2.1) as:

) = L)1) (3.2.2)

where fi(y) are the components of f(y) = (f1(y),..., fn(y))".

Definition 3.2.2 A function v : R" — R is said to be:

e Positive semi-definite (resp. negative semi-definite) if there exists a neighborhood V of 0

such that:

1. v(0) =0

2. Yy eV, v(y) >0 (resp. v(y) <0)
e Positive definite (resp. negative definite) if there exists a neighborhood V of 0 such that:

1. v(0) =0
2. Yy € V\ {0}, v(y) >0 (resp. v(y) <0)
Theorem 3.2.1 ([7]) Consider the autonomous system (3.2.1) with the origin as an equilibrium

point. If there exists a neighborhood V C R™ of 0 and a continuous function V : V — R* with

continuous partial derivatives such that:
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1. 'V is positive definite
2. The total derivative V of (3.2.1) is negative semi-definite

then the origin is stable.

Moreover, if V is negative definite, then:
o The origin is asymptotically stable.
V' is called a Lyapunov function.

Example 3.2.1 Consider the dynamical system:

To analyze the stability of the equilibrium point at the origin 0, we propose the Lyapunov function

candidate:

1 1

V(yi,42) = 59% + 5@3

- Lyapunov Function Properties
e V(0)=0
e V is positive definite since it is quadratic and strictly positive for all (y1,y2) # (0,0)

- Time Derivative Analysis The total derivative of V' along system trajectories is:

= (=1} — 13) + v2 (Y12 — ¥3)
= —yi — Y1Ys + V1Ys — Ys

= —(y{ + v3)

- Stability Conclusion
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o V is negative definite since vt + yi > 0 for all (y1,v2) # (0,0)

o According to Theorem 3.2.1 (Lyapunov’s Direct Method), the origin is asymptotically stable

3.2.2 Non-Autonomous nonLinear Systems (Lyapunov’s direct method)

Consider a continuous function f : I x R" — R™ (where I C R) and its associated non-

autonomous system:

i = f(t,z) (3.2.3)

Definition 3.2.3 (Total Derivative) For the system (3.2.83) and a function V : I x R" — R

with partial derivatives on I x R™, we define the total derivative V as:

. ov

Vt) = S )+ Y 5 filey) (324

where f(t,y) = (fi(t,y), ..., fa(t,y))" represents the component functions.
Definition 3.2.4 A function v : I x R" — R is said to be

e positive semi-definite (resp. negative semi-definite) if there exists a neighborhood V of 0

such that:
1. vtel, v(t,0)=0
2.¥tel,Yy eV, v(t,y) >0 (resp. v(t,y) <0)
e positive definite (resp. megative definite) if there exists a neighborhood V of 0 such that:
1. Vtel, v(t,0)=0

2. There exists a positive definite function vy : V — R such that:
Vt € Iavy € V? U(tvy) > UO(y)

(resp. v(t,y) < vo(y))

60



Chapter 3. Stability Analysis, Dr: SACI ATEF

Definition 3.2.5 A function v: I x R" — R is called decrescent if:

1. limHyH_@ U(t, y) =0

uniformly in t, which means:

2. ¥Ye > 0,36 > 0 such that Vy € R":

lyll <6 =Vt eI [ut,y) <e

Theorem 3.2.2 ([7]) Let the origin be an equilibrium point of the non-autonomous system
(3.2.8). If there exists a neighborhood V;, C R™ of 0 and a continuous function V : V;; — R

with continuous partial derivatives such that:

1. 'V s positive definite

2. The total derivative V for (8.2.3) is negative semi-definite (resp. negative definite)

then the origin is uniformly stable.

Furthermore, if:
1. 'V is decrescent, then the origin is uniformly stable (resp. uniformly asymptotically stable).
Consider the non-autonomous dynamical system:

T = —xy — ey

Th =11 — Ty

We propose the following time-dependent Lyapunov function candidate:
V(t,y) =yi + (1 +e)y)
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V' is positive definite because it dominates the time-independent positive definite function:

Voly) =vi +v3

since V (t,y) > Vo(y) for all t > 0 and all y € R?

Specifically:

Vity) =yi+ 1 +e)y;

> yf +y§ (since 1 + e ?>1fort> 0)

V' is decrescent because it is dominated by the time-independent positive definite function:

Vi(y) = yi + 2v3

since V(t,y) < Vi(y) for all t > 0 and all y € R?

Specifically:

Vity)=yi+ 1 +e )y

<y?+2y2 (since 1 +e* <2fort>0)

The total derivative of V' along system trajectories is:

V(t )—0_V+0_V' +a_v'
’y - at aylyl ay292

= 2722 4 2 (—y1 — e Myo) + 2(1 + e ) yo(z1 — x2)
= —ny — 2e Ay yy — 26_2ty§ +2(1+ e_zt)ylyz —2(1+ e_%)yg
—2t 2

= =245 + 2y1y2 — 2y5 — 2¢ 5

= =2y} —iye +ys(1+e7%)
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We can establish the following bounds:

V(tv y) < —Z(yf — 1Yo + y%)

=2 |:<y1 - %)2 + %y%}

< —(y—wp)? -yl —vs

Stability Conclusion

e V is negative definite (all terms are strictly negative for all y # 0)
e V/ is positive definite and decrescent
e V is negative definite

e Therefore, by Theorem 3.2.2, the origin 0 is uniformly asymptotically stable

3.2.3 Autonomous nonLinear System (Lyapunov’s indirect method)

The study of stability in nonlinear systems is challenging due to their complex behavior, as
linear methods are no longer applicable. However, Lyapunov and others observed that, in most
cases, the equilibrium points of nonlinear systems can be classified similarly to those of linear

systems by analyzing integral curve trajectories near equilibrium.

Lyapunov’s indirect method leverages this idea by examining stability through linearization.

The nonlinear system is approximated as:

dx 2
— = Df(w)a +O(|l=]*),

where Df(x.) is the Jacobian matrix evaluated at the equilibrium point. This linearization

converts the global stability problem into a local one near the equilibrium point.

Stability Analysis via Linear Approximation To address stability questions, we consider

the linear system associated with (3.2.1) :

63



Chapter 3. Stability Analysis, Dr: SACI ATEF

da:_

pri Df(xe)x

where D f(z.) is the Jacobian matrix of f evaluated at the equilibrium point x.:

o oA ... ONh

611 61172 azn
A= Df(xe) =

Ofn Ofn .. Ofn

8:171 812 aiﬂn

T=Xe

The determination of the stability of the equilibrium point is therefore carried out in two steps:

Step 1: Linear Stability Analysis

1. Linearized System:

Transform the nonlinear system (3.2.1) into its linear approximation about equilibrium

To:

d
d_f = Ar where A= Df(z.)

Here Df(z.) is the Jacobian matrix evaluated at z..

2. Eigenvalue Criterion:

Determine stability of x = 0 in the linear system by examining eigenvalues \; of A:

e R(\;) <0 for all i = asymptotically stable
e )\ with R()\;) > 0 = unstable

e R(\;) = 0 for some i = critical case (indeterminate)
Step 2: Nonlinear Stability Equivalence

1. Stability Transfer:

Establish conditions under which linear stability implies nonlinear stability:

e If linear system is stable = x. is locally stable for (3.2.1)

o If linear system is unstable = x. is unstable for (3.2.1)
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2. Critical Case Handling:

When R(\;) = 0, linearization is insufficient. Requires:

e Higher-order expansion, or

e Direct Lyapunov methods

Theorem 3.2.3 (Hartman-Grobman) [1/ Consider the dynamical system (3.2.1) with flow
¢¢. If x. is a hyperbolic equilibrium point, then there exists a meighborhood V of x. where the
flow ¢, s topologically conjugate to the flow of the linearized system at x.. Consequently, we

have the following result:

Immediate Corollary. The topological equivalence implies that:

e The stability properties of the nonlinear system match those of its linearization
e The phase portrait near x, is homeomorphic to the linearized system’s portrait

e All hyperbolic equilibria are structurally stable

Theorem 3.2.4 (Lyapunov’s Linearization Method) [7] For the nonlinear system & =
f(z) with equilibrium xz. (i.e., f(xz.) = 0), and its linearization & = D f(z.)x, the following

equivalence holds:

1. If the linearized system is asymptotically stable (all R(\;) < 0), then z. is locally asymp-

totically stable for the nonlinear system.

2. If the linearized system is unstable (3\; with R(N\;) > 0), then x. is unstable for the

nonlinear system.

3. If the linearized system is stable (R(\;) <0 ), then x. is stable for the nonlinear system.
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Example 3.2.2 Consider the system:

— =sinzx —zx

dt
o FEquilibrium: . =0
e Jacobian: Df(0) = cos(0) —1=0

e Figenvalue: A =0 (critical case)
Conclusion: Linearization fails - requires center manifold or direct Lyapunov analysis.

Example 3.2.3 Consider the nonlinear system:

ifl = T2

T9 = —asinxr; — brs

The system has two equilibrium points:
Origin: (x1,x2) = (0,0)
Second point: (x1,1x9) = (m,0)

The Jacobian matrixz of the system is:

af_%% 0 1

ox1 Oz

or afs  Of

5 Do —acosx; —b

Stability at the Origin (0,0)

FEvaluating the Jacobian at the origin:

0 1
A

x| _, —a —b
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The characteristic equation is:

det(A\l —A) =N+ b +a=0

FEigenvalues are:

—b £ Vb2 —4a
At = 5
Stability Conditions
For a,b > 0:
When b? > 4a (real distinct roots):
b b? — 4a
Mog=—+ —
1,2 9 5 <0
When b® < 4a (complex conjugate roots):
§R()\1’2) =——<0
Critical damping (b* = 4a):
b
A=—=<0
2
Stability at (7,0)
FEvaluating the Jacobian at (,0):
-9 0 1
A pumy _f pum
O z1=m,x2=0 a —b

The characteristic equation is:

det(A\ —A) = A2 +bA—a=0
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FEigenvalues are:

\ —b+ Vb2 +4a
12 =
’ 2

Fora >0 andb > 0:

AM=—-2+ —Vb22+4“ > 0 (since Vb*+4a > b)

Ay = —2 Yida )

2 2

Phase Portrait Analysis
- Near (0,0): All trajectories converge to the origin (stable node/focus)

- Near (m,0):

1- One unstable direction (along eigenvector of A\; > 0)2- One stable direction (along

eigenvector of Ay < 0)

3.2.4 Non-Autonomous nonLinear Systems (Lyapunov’s indirect method)

For this section (see [3], (Chapter 4 on non-autonomous systems, [7])).

We consider the system:

Y = f(t,y) = Alt)y + F(t,y)

where:

o A(t) is a non-constant time-dependent matrix

e ['(t,y) represents nonlinear terms with limy, o

When A(t) is not constant, we cannot directly use eigenvalues to study stability. More advanced

tools are required.

Linearized System Analysis

68



Chapter 3. Stability Analysis, Dr: SACI ATEF

Example 3.2.4 (Counterintuitive Case) Consider:

—1+acos®’t 1 — asintcost
Alt) =

—1—asintcost —1+ asin’t

e Figenvalues: A = —1 (constant and stable)

e However, for a > 1, the system is unstable
= FEigenvalues alone are insufficient.
Theoretical Tools

Theorem 3.2.5 (Floquet’s Theorem (Periodic Case)) If A(t +T) = A(t), then:

o Stability is determined by Floquet multipliers

o Stability condition: |u;| < 1 = exponential stability

Theorem 3.2.6 (Lyapunov’s Method) Construction of a function V (t,y) such that:
1. V(t,y) is positive definite
2. Vit,y) = %—‘t/ + VV - f(t,y) is negative definite

= y = 0 s uniformly asymptotically stable.

General Stability Analysis Strategy

1. Analyze the linearized system y' = A(t)y:

e If periodic — Floquet theory

e Otherwise — Time-varying Lyapunov function

2. Control nonlinear terms: [|F(t,y)|| < L|y||*™
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3. Draw stability conclusions

Example 3.2.5

, —2 +sint 1 y?
Yy = Y+
0 —3 4 cost Y1Y2
e Instantaneous eigenvalues: A\i(t) = —2 +sint, Ay(t) = —3 + cost

e Solution approach: Use V (t,y) = y? + (1 + e *)y3
Conclusion

e Instantaneous eigenvalues are insufficient

e Required tools:

— Time-varying Lyapunov functions
— Floquet theory

— Numerical methods (e.g., Lyapunov exponents)

e Nonlinear terms must be dominated by the linear part
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Chapter 4

Tutorials

This chapter provides review exercises covering previous chapters along with selected problems

from past examinations.
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4.1 Tuts (Reminders and Fundamental Concepts)

Exercise 4.1.1 A) Find solutions to the following homogeneous problems:

;

_ 1 _ it _ t
y =ty y =13y y =ey V= =Y
y(0)=1 y(1)=m y(0)=e y(2)=0

B) Solve the following Cauchy problems:

"= —5y+3 "= =3y + 4e
e’ SR ! :
y(0)=0 y(0) = =2
3 y' = 3y + sin (3t) + sin (2t) " y'sin (t) — y cos (t) = 3t?sin*¢
y(0)=0 y'(0) =2

C) Solve the following inhomogeneous problems:
(1+2)y =2ty + (1+3)°, o/ + 2ty =2, ¢y = (1 — ).

D) Solve the following Cauchy problems:

Yy =y+y Y = oy +ty’ y =y —2ty’

)

y(0) =1 gy =-3 | 2y)=ve

Exercise 4.1.2 Consider the following Cauchy problem:

(E) , teR. (4.1.1)

1. Verify that y(t) = 0 is a solution of (4.1.1).
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2. Construct a non-zero solution of class C* for this problem.

3. Does the Cauchy-Lipschitz theorem apply here? Why?
Exercise 4.1.3 (Gronwall’s Lemma - Integral Form) Let a,b,c,d € R with a < b and d > 0,
and let ¥ € C%[a, b]). Suppose that:

U(t) <c+ d/t U(u)du  for allt € [a,b]

Consider the function h defined on [a,b] by:

h(t) = c+ d/t U(u)du

Note that h is a function defined via an integral.
1. Show that h € C*([a,b]) and compute its derivative.

2. Show that for all t € [a,b], we have W (t) < dh(t). Then deduce that:

h(t) < e for all t € [a, b]

3. Deduce that:

U(t) < e for allt € [a, D]

Exercise 4.1.4 (Gronwall’s Lemma - Differential Form) Let 1 : [a,b] — R, be a continuous

function satisfying the differential inequality:
7' (t) < @(t)n(t) +(t) for almost every t € [a,b),

where ®,1) : [a,b] — R, are non-negative functions.

Show that for all t € [a,b], the following inequality holds:

n(t) < exp (/:@(s)ds) [n(a)+/at¢(s)ds} vt € [a,b].
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In particular, if:

prove that n = 0 on [a,b].

Exercise 4.1.5 Lety: J — R be a function. Show that y is a solution to the Cauchy problem

(P) if and only if the following two conditions are satisfied:
(i) y is continuous on J and for allt € J, (t,y(t)) € J x QC I x Q,
(ii) For allt € J, y(t) = yo+ [, f(s,y(s))ds.

Exercise 4.1.6 Let t,y € R with ty # 0, consider the differential equation:

=t/ 1y = f(t,y), (4.1.2)

1. Show that:
[fE )| < [E* + [ty
2. Are all mazimal solutions of equation (4.1.2) global?
Exercise 4.1.7 Show that the Cauchy problem (4.1.3):
yl — t + y3
(4.1.3)

y(0) =0

admits a unique local solution defined on the interval [—T,T|, where T is given by the Cauchy-

Lipschitz theorem.

Exercise 4.1.8 (Assignment) Consider the following differential equation:

Y 4 (2 y + 122 =0
(1+t2) (4.1.4)

y(0) =1
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1. Show that equation (4.1.4) admits a unique maximal solution ¢ : I = (=T,+T) — R of

class Ct with =T < 0 < +T.
2. Verify that ¢ is of class C* on I. Is it of class C*?
3. Show that ¢(t) > 0 for allt € 1.

4. Deduce that ¢ is strictly decreasing on [0,T") and that:
0<o(t)<1, Vtelo,TF)
Exercise 4.1.9 (Assignment) Let f : R x (0,400) — R be the function defined by:
1
VEeR,Vy >0, f(ty)=—-
Y

1. Show that f is continuous on R x (0,+0c0) and locally Lipschitz with respect to its second

variable.

2. For any yo > 0, consider the Cauchy problem:

y(t) teR. (4.1.5)

3. Ezplicitly compute the mazimal solution to problem (4.1.5) on its interval of definition

(ts, T*), where t, and T* may be finite or infinite.

4. Study the behavior of y(t) as t — T*. Relate this to the theorem of the endpoints.

Exercise 4.1.10 (Assignment) Consider the following differential equation:

(B) y'(t) = sin(y(1)) 416)

y(0) =y €R
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1. Show that equation (4.1.6) admits a unique mazimal solution y.
2. Show that this solution is global.

3. Furthermore, show that this solution is of class C'™°.

4. What are the stationary solutions of (4.1.6)?

5. Assume that 0 < yo < . Show that: ¥Vt € R, 0<y(t) <m

4.2 Tuts (The Concept of Stability)

Exercise 4.2.1 Consider the following problem:
t2 (4.2.1)
I(to) =x9, tog>0
1. Determine the solution of problem (4.2.1).
2. Using the definition, analyze whether the equilibrium point of the problem is:

o Stable
e Uniformly stable
o Asymptotically stable

o Uniformly asymptotically stable

Exercise 4.2.2 Consider the following problem:

1+t (4.2.2)

1. Determine the solution of problem (4.2.2).
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2. Using the definition, analyze whether the equilibrium point of the problem is:

o Stable
e Uniformly stable
o Asymptotically stable

o Uniformly asymptotically stable

Exercise 4.2.3 Consider the following initial value problem:

(4.2.3)
I(to) = X9
Show that a zero solution of the problem is unstable.
Exercise 4.2.4 Consider the following initial value problem:
2'(t) = (6tsin(t) — 2t) x
(4.2.4)

I(to) = X
1. Determine the solution of problem (4.2.4).
2. Using the definition, analyze whether the equilibrium point of the problem is:

Stable

Uniformly stable

Asymptotically stable

Uniformly asymptotically stable
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Exercise 4.2.5 Consider the following problem:

\

—z — 3y (4.2.5)

z(0) = zo, y(0) = yo

1. Determine the solution of problem (4.2.5).

2. Using the definition, analyze whether the equilibrium point of the problem is:

Stable

Uniformly stable

Asymptotically stable

Uniformly asymptotically stable

4.3 Tuts (Stability Analysis)

Exercise 4.3.1 Determine the nature of the rest points for the following systems:

1.
=3
ZL’l — xl
T, = 2%
2 — 2
2.
Ty = —2x1 + 79
/I __
Ty = X1 — 2T
3.
Ty =1
xh = —2x
2 — 2

30
where A =
0 2
-2 1
where A =
1 =2
1 0
where A =
0 -2
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4.
.
ry =1 1 0
where A =
xh = —2x9 0 =2
\
5.
.
ry =21 + 29 11
where A=
xh = X9 0 1
\

Exercise 4.3.2 Determine the nature of the rest points for the following systems:

[L'/l = $1(2$2 — 1)

xh = x9(2x1 — 1)

= xa(x1 + 1)

y' =z (x5 +1)

Exercise 4.3.3 Use the Lyapunov function method to study the stability of the system:

¥ = x9 + x1(2F + 23)
xh = —x1 + T (2] + 23)
(Hint: Consider the function V(xq,z2) = 23 + x3.)

Exercise 4.3.4 Use the Lyapunov function method to study the stability of the system:

(Hint: Consider the function V(z,y) = z* 4+ y*.)
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Exercise 4.3.5 Consider the following system:

(4.3.1)

1. Can we study the stability of system (4.3.1) using the linearization method?

2. Consider the function V(x,y) = 22 + y*. Study the stability of system (4.3.1).
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4.4 The controls
(FINAL EXAM 2022)

Exercise 4.4.1 Find the set of mazimal solutions in R to the differential equation:

t| 2’ + x = ¢

Exercise 4.4.2 Consider the following system:

Th(t) = 21179 + €13 — 2w,
(E) where w € R, e < 0.

zh(t) = —a3 + exd + way,

Given the Lyapunov function:

V(y17 y2) = y% + 2y§7

answer the following:
1. Is the origin an equilibrium point of system (E)?
2. Is the origin stable?

3. Is the origin asymptotically stable?

Exercise 4.4.3 Consider the following problem:

1. Determine the solution of (P).

2. Using the definition, determine whether the origin is:

o Stable,
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o Asymptotically stable,
o Uniformly stable,

e Uniformly asymptotically stable.
(FINAL EXAM 2023)

Exercise 4.4.4 Consider the following system:

Consider the following Lyapunov function:

V(y,y2) = yi + 43
1. Write (E) in matriz form X' = AX.
2. Is the origin an equilibrium point of system (E)?
3. Use two different methods to study the stability of system (E).

4. If M\ is a complex eigenvalue of A such that Im(\1) < 0 and V] is its associated eigenvector,

determine the two functions:

X, (t) = Re(VieMt),  Xo(t) = Im(VieM?)

5. Show that { X1, Xo} forms a fundamental system of solutions for (E).
6. Find the fundamental matriz of (E).
7. Find the general solution of system (E).

8. Deduce the solution of (E) with initial conditions x1(0) = xq, x2(0) = yo.
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9. Using the definition, determine whether the origin is stable, asymptotically stable.

Exercise 4.4.5 Show that for all (xg,y) € R?, the Cauchy problem

(
yi(t) = y2

/

vh(t) = —(1—yDy2 — th — yi

yl(o) =1z0, ¥%2(0) =0

\

admits a unique maximal solution, defined on an open interval I.

Consider the following system:

1) = v2
Yy Y (E)

/

yo(t) = —(1 = yi)ye — 0 — 43
1. Show that system (E) has exactly two equilibrium points, and determine them.

2. Study the stability of these two equilibrium points.

(FINAL EXAM 2024)

Exercise 4.4.6 For each of the following statements, answer True or False with justification:

2y
ot?

+sin(t)% + 1 = 0 is partial, nonlinear, with constant coeffi-

1. The differential equation por

cients.
2. 1If z is a solution of y' = f(t,y) that is not mazximal, then it is not global.

3. The problem (E)

y/ — y + t2y3
y(0) =0

admits a unique mazimal solution ¢. This solution is of class C3.
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4. Every mazimal solution of the equation y' = v/te™ + T cos(/y) is global.

5. The solution of the differential equation tyr — 2y — t3e' = 0 is given by y(t) = t%e! + ct.

6. For
2 Lo
no=[", |. no=| "
ez Tt —2ez "t
forms a fundamental system of solutions for (H)
t+3 2
Y'(t) = At)Y (), where A(t)= (H)
-4 t-3
The resolvent matriz of (H) is given by
t2 t t2
2¢73 +t elT*t €7+t 6/74/

7. Consider the system X' = f(X), where f(0) = 0 and there exists a C' function V such
that:
V:UCR"— R, withU a neighborhood of O

(a) If V(0) =0, V(X) >0 for all X # 0, and V(X) = LV(X) < 0, then the origin is

stable.
(b) IfV(X) = LV(X) > 0, then the origin is unstable.

(c) If the origin is stable, then it is asymptotically stable.

Exercise 4.4.7 Consider the following system:

2 (t) = 2o + 2y (22 + 22)
()

zh(t) = —x1 + 21 (22 + 23)
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Consider the following function:

V(yi,ye) =y + 3

1. Show that the origin is an equilibrium point of system (E).
2. Study the stability of the equilibrium point of system (E) using the Lyapunov method.

3. Study the stability of the equilibrium point of system (E) using the linearization method.
(FINAL EXAM 2025)

Exercise 4.4.8 The three questions are independent.
I) List 3 methods for studying stability.

II) Let a € R*. Study the stability of the system:

Y' = Y

I1I)

1. Show that for all (xg,y0) € R?, the Cauchy problem

(

v =y —x(@®+y?)

Yy =—z—y@@*+y?)

2(0) = zo, y(0) =yo

\
admits a unique maximal solution, defined on an open interval I.
2. Consider the Lyapunov function defined on R? by V(z,y) = 2% + y* and the system:
=y —x(2*+ 19
/

Yy =—x—y@®+y?)
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(a) Is the origin an equilibrium point of the system?

(b) Use two methods to study the stability of the origin for this system.

Exercise 4.4.9 Consider the following system:

2y (t) = 2,
(E)

xh(t) = =21
1. Write (E) in matriz form X' = AX.
2. Is the origin an equilibrium point of system (E)?
3. Study the stability of system (E).

4. If A\ is a complex eigenvalue of A such that Im(\;) < 0 and V] is its associated eigenvector,

determine the two functions:

X, (t) = Re(VieM),  Xo(t) = Im(VieM?)

5. Find the general solution of system (E).
6. Deduce the solution of (E) with initial conditions x1(0) = xo, x2(0) = yo.

7. Using the definition, is the origin uniformly stable?
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