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Introduction

In the 19th century, Alexander Lyapunov introduced a revolutionary approach to study the sta-

bility of solutions of ordinary di§erential equations (ODEs) without requiring explicit solutions.

His method, based on positive deÖnite functions, remains a fundamental tool in stability theory.

This document presents a module on stability of ODE solutions, intended for Örst-year

masterís students in mathematics. It is organized as follows:

 Chapter 1: Fundamentals of ODEs, including the Cauchy problem, linear systems (with

variable/constant coe¢cients), and Floquet theory for periodic systems.

 Chapter 2: Notion of Lyapunov stability, with a focus on linear and nonlinear systems.

 Chapter 3: In-depth study of stability, particularly the stability of the zero solution for

both linear and nonlinear systems.

 Chapter 4: In this chapter, you will Önd tutorial problems reinforcing concepts from

earlier chapters along with actual exam questions from previous years.

The objective is to provide both theoretical foundations and practical applications.
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Chapter 1

Reminders and Fundamental Concepts

Summary

This chapter introduces the fundamentals of di§erential equations, beginning with a general

overview and the Cauchy problem (existence and uniqueness of solutions). We then study linear

di§erential systems, particularly those with variable and constant coe¢cients, before concluding

with Floquet theory for periodic systems. Special emphasis is placed on both theoretical aspects

and practical applications.
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Chapter 1. Reminders and Fundamental Concepts, Dr: SACI ATEF

1.1 Introduction

Di§erential equations play a crucial role in various Öelds of science and engineering, providing

a mathematical framework for modeling dynamic systems. These equations relate a function to

its derivatives, encapsulating the behavior of physical, biological, and economic phenomena.

Di§erential equations can be categorized into two main types: linear and nonlinear. Linear

di§erential equations exhibit superposition, meaning that the sum of two solutions is also a

solution. This property simpliÖes the analysis and solution of such equations. In contrast,

nonlinear di§erential equations do not adhere to this principle, often leading to more complex

behaviors and phenomena such as chaos and bifurcation.

The theory of existence and uniqueness is fundamental in the study of di§erential equations.

It addresses whether a given di§erential equation has solutions and whether these solutions are

unique. The famous Picard-Lindelˆf theorem provides conditions under which a unique solution

exists for an initial value problem, emphasizing the importance of continuity and Lipschitz

conditions on the function deÖning the di§erential equation.

Understanding these concepts is essential for anyone working with di§erential equations, as they

provide the foundation for both theoretical analysis and practical applications in engineering,

physics, and beyond.

1.2 Overview of di§erential equations

1.2.1 DeÖnitions

DeÖnition 1.2.1 (Ordinary di§erential equation) An ordinary di§erential equation, also de-

noted as ODE, of order n is a relationship between the real variable t; an unknown function

t 7! x (t) and its derivatives x0; x00; :::; x(n) at the point t, deÖned by:

F

t; x; x0; :::; x(n)


= 0;

3
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where F is not independent of its last variable x(n): The variable t will be considered within an

interval I of R. The solution x will generally take values in Rn; n 2 N:

DeÖnition 1.2.2 (Order of the Di§erential Equation)The order is deÖned as the highest deriv-

ative present in the equation.

Example 1.2.1 State whether the following di§erential equations are linear or nonlinear, and

give their order (justifying your answer).

(x t) dt+ 2tdx = 0; x000 = x0  t;
d3x

dt3
+ t

dx

dt
 5x = et

xx00 + 4x = sin(t);
d2x

dt2
+ et = 1; x000 + x4 = cos(t)

DeÖnition 1.2.3 (Normal di§erential equation) A normal di§erential equation of order n is

deÖned as any equation of the form

x(n) = f

t; x; x0; :::; x(n1)



where x(n) denotes the n-th derivative of x with respect to t.

Example 1.2.2 Consider the second-order di§erential equation:

x00 = t2 + 3x0  2x

Now, letís look at a third-order di§erential equation:

x000 = et + x x0 + x00

DeÖnition 1.2.4 (Autonomous di§erential equation) An autonomous di§erential equation of

order n is deÖned as any equation of the form

x(n) = f

x; x0; :::; x(n1)



4
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In other words, f does not explicitly depend on t:

Example 1.2.3 Second-Order autonomous Di§erential Equation: x00 = kx;where k is a pos-

itive constant.

Third-Order autonomous Di§erential Equation: x000 = xx0:

Remark 1.2.1 Autonomous equations are very important when seeking stationary solutions as

well as their stability.

DeÖnition 1.2.5 (Linear ordinary di§erential) A linear ordinary di§erential equation (ODE)

of order n is of the form:

an (t) x
(n) (t) + an1 (t) x

(n1) (t) + :::+ a1 (t) x
0 (t) + a0 (t) x (t) = g (t) ;

where all x(i) are of degree 1 and all coe¢cients depend at most on t:

DeÖnition 1.2.6 (Nonlinear Di§erential Equation) An equation is nonlinear if it does not meet

the criteria for linearity. This includes cases where x or its derivatives appear to powers greater

than one, are multiplied together, or are involved in nonlinear functions (like sine, exponential,

etc.).

DeÖnition 1.2.7 (SOLUTION) A solution to a di§erential equation of order n over a certain

interval I of R is any function x deÖned on this interval I, di§erentiable n times at every point

in I, and that satisÖes the di§erential equation on I. Generally, we denote this solution as

(x; I).

Integrating a di§erential equation involves determining the set of all its solutions.

Example 1.2.4 Consider the Örst-order di§erential equation: dx
dt
= kx; where k is a constant.

Thus, the general solution of the di§erential equation is: x(t) = Cekt; where C represents a

constant determined by initial conditions. This solution is valid for any t in the interval I

where x is deÖned and di§erentiable.

5
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1.2.2 Maximal and global solution of a Örst-order di§erential equa-

tion

Let f : I ! Rn where  is an open set in Rn: Consider the following Örst-order di§erential

equation

x
0
(t) = f (t; x (t)) (E)

DeÖnition 1.2.8 We say that x is a solution of (E) if there exists a non-empty interval J  I

such that:

1- for all t 2 J , we have x (t) 2 :

2- x is di§erentiable on J and satisÖes x
0
(t) = f (t; x (t)) for all t 2 J:

DeÖnition 1.2.9 (EXTENSION) Let x : J  I ! Rn and ~x : ~J  I ! Rn be two solutions

of the same di§erential equation. if J  ~J and x = ~x on J then we say that ~x is an extension

of x:

Example 1.2.5 Consider the equation x0 = 2
p
jxj: Let x be a solution deÖned on J = ]1; 1[

by x(t) = 0:Show that the function ~x deÖned by

~x(t) =

8
>>>><
>>>>:

 (t+ 3)2 si t  3

0 si  3  t  2

(t 2)2 si t  2

is a solution that extends x:

DeÖnition 1.2.10 (SOLUTION MAXIMALE) A solution x : J  I ! Rn is called a maximal

solution if it does not admit any extension ~x : ~J  I ! Rn with J  ~J . In other words, x is

a solution deÖned on the largest possible interval of deÖnition (a maximal interval). Note that

J  ~J means that J is strictly included in ~J .

Example 1.2.6 The function x deÖned on J = R by x(t) = e4t is a maximal solution to the

equation x0(t) = 4x(t) because it is deÖned on R, which is a maximal interval of deÖnition.

6



Chapter 1. Reminders and Fundamental Concepts, Dr: SACI ATEF

Lemma 1.2.1 Let f : I   ! R, where  is an open subset of R; ;  2 R.

1- Let x be a solution of (x0(t) = f (t; x(t))) deÖned on ];+1[. If the lim
t!+

x(t) does not exist,

then x is a maximal solution.

2- Let x be a solution of (x0(t) = f (t; x(t))) deÖned on ] 1; [. If the limit lim
t!

x(t) does

not exist, then x is a maximal solution.

Proof.

1- By contradiction, we assume that x is not maximal, which means it admits an extension ~x :

~J  I ! R with ];+1[ ~J: Since ~J is an interval, we have  2 ~J:

On one hand, since ~x is a solution of (E), it is di§erentiable on ~J:This implies that it is continuous

on ~J: Thus, it is continuous at t0 = : Therefore, lim
t!

~x (t) = ~x () 2 R:On the other hand, we

have ~x = x on J; so lim
t!

x (t) = lim
t!

~x (t) = ~x () 2 R:This means that lim
t!

x (t) 2 R: This

leads to a contradiction because we assumed that lim
t!

x (t) does not exist.

2- Similar to (1).

Example 1.2.7 Show that the function x deÖned on J =] 1; 0[ by x(t) = 1
t
is a maximal

solution to the di§erential equation x0(t) = x2.

DeÖnition 1.2.11 (SOLUTION GLOBALE) If the solution x of (E) is deÖned on the entire

interval I (i.e., J = I), then we say that x is a global solution.

Example 1.2.8 The zero function deÖned on R is a global solution to the equation x0 = x

because it is a solution that is deÖned on the entire interval I = R:

Lemma 1.2.2 The global solution is a maximal solution.

Proof.

The global solution is deÖned on the entire interval, which is the largest possible domain of

deÖnition. This implies that it is a maximal solution.

Theorem 1.2.1 (Regularity of the Solution) Let f : I ! Rn and k 2 N: if f 2 Ck (I  ) ;

then every solution of (E) is of class Ck+1 on J  I:

7
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Proof.

By Induction

1- Base Case (k = 0):

We want to show that if f 2 C (I  ) ; then x 2 C1 (J) :

Since x is a solution to the equation (E), it satisÖes x
0
= f (t; x) : The function f (t; x) is

continuous on J because it is a composition of two continuous functions: f and x.

Since x0 exists, x is continuous. Thus, both x0 and x are continuous, which implies that x 2

C1 (J) :

2- Inductive Step:

Assume that if f 2 Ck (I  ) ; then x 2 Ck+1 (J) :

Since x is a solution to the equation (E), it satisÖes x
0
= f (t; x) which means x0 is di§erentiable.

By the inductive hypothesis, x is of class Ck with x0 being continuous (as it is a composition

of two continuous functions of class Ck):Therefore, x0 is of class Ck; and consequently, x 2

Ck+1 (J) :

1.3 Existence and Uniqueness

1.3.1 Cauchy problem

Let f : I ! Rn where  is an open set in Rn: Consider the following Örst-order di§erential

equation

x
0
(t) = f (t; x (t)) (E)

DeÖnition 1.3.1 Any Örst-order ordinary di§erential equation (ODE) (E) equipped with an

initial condition in the form:

8
><
>:

x
0
(t) = f (t; x (t))

x(t0) = x0

(CP )

8
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where (t0;x0) 2 I  ; is called a Cauchy problem.

DeÖnition 1.3.2 A function x : J  I ! Rn is a solution to the initial value problem (CP ) if

it is a solution to the di§erential equation x
0
(t) = f (t; x (t)) and satisÖes the initial condition

x(t0) = x0:

DeÖnition 1.3.3 A solution x : J  I ! Rn is called a maximal solution of the initial value

problem (CP ) if it is a maximal solution of the di§erential equation (E) that satisÖes the initial

condition x(t0) = x0:

DeÖnition 1.3.4 A solution x : J  I ! Rn is called a global solution of the initial value

problem (CP ) if it is a global solution of the di§erential equation (E) that satisÖes the initial

condition x(t0) = x0:

DeÖnition 1.3.5 (Orbit or integral curve) The orbit (or integral curve) of the solution  to

x
0
(t) = f (t; x (t)) is the set of points:

 = f(t; (t)) / t 2 I0  I;  (t) 2 g

The space Rn where the solutions take their values is called the phase space.

Remark 1.3.1 Let  be a non-empty connected open subset of a Banach space X over the Öeld

of real numbers R.

1- Solving the Cauchy problem (CP ) locally amounts to Önding an interval containing t0 and a

function x of class C1 on J that satisÖes (CP ) :

2- When f : I   ! X is only continuous and the space X is inÖnite-dimensional, nothing

can be said about the solvability of the Cauchy problem (CP ) :

3- When f is continuous and X is Önite-dimensional, the Arzela-Peano theorem guarantees that

the Cauchy system (CP ) admits at least one solution for every (t0;x0) 2 I  ; but uniqueness

is not guaranteed in general.

9
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1.3.2 Questions

There are very few di§erential equations for which explicit solutions are known. For this reason,

in this course, we will focus on the existence, uniqueness, and dependence of solutions on the

initial conditions:

Under what conditions is a problem of ordinary di§erential equations well-posed? That is:

a) Existence: Does the equation admit a solution?

b) Uniqueness: Is this solution unique?

c) Continuous dependence on initial conditions: Does the solution depend continuously on the

initial data?

These questions are fundamental to understanding whether a di§erential equation problem is

mathematically meaningful and physically realistic.

In this section, we aim to answer these questions.

DeÖnition 1.3.6 (Lipschitz function) Let C = C1C2  I. We say that f : I ! Rn

is a Lipschitz function with respect to x, uniformly with respect to t, on C if there exists a

constant k > 0 such that:

8t 2 C1; 8x1; x2 2 C2 : kf (t; x1) f (t; x1)k  k kx1  x2k

DeÖnition 1.3.7 (Globally Lipschitz function) In the case where C = C1C2 = I, we say

that f : I   ! Rn is a globally Lipschitz function with respect to x, uniformly with respect

to t.

DeÖnition 1.3.8 (Locally Lipschitz Function) We say that the function f : I   ! Rn is

locally Lipschitz with respect to the second variable x if: For every (t0; x0) 2 I , there exists

a neighborhood V of (t0; x0) and a constant k > 0 such that:

kf (t; x1) f (t; x1)k  k kx1  x2k ; 8(t; xi) 2 V; i = 1; 2 (1.3.1)

10
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Theorem 1.3.1 (Mean Value Theorem) Let U  Rn be an open set, and let f : U ! Rm be a

function of class C1 (i.e., f is di§erentiable and its di§erential is continuous). Let a; b 2 U be

two points such that the line segment [a; b] is entirely contained in U , that is:

[a; b] = fa+ t (a b) = t 2 [0; 1]g  U

Then, there exists a point c 2 [a; b] (i.e., c = a+ (b a) for some  2 (0; 1)) such that:

f (a) f (b) = Df (c) :(a b)

where Df(c) is the Jacobian matrix of f at the point c, and : denotes matrix multiplication.

Proposition 1.3.1 Suppose the function f : I   ! Rn is of class C1 in a neighborhood of

(t0; x0); where  is an open set in Rn. Then f is locally Lipschitz with respect to x at (t0; x0).

(The partial derivatives @f

@t
; @f
@x
exist and are continuous in a neighborhood of (t0; x0).)

Proof.

Since f is of class C1, the partial derivative @f

@x
is continuous in a neighborhood of (t0; x0). By

the Mean Value Theorem applied to f as a function of x, for x1; x2 in a neighborhood of x0,

there exists  2 [0; 1] such that:

f (t; x1) f (t; x1) =
@f

@x
(t; x2 + (x1  x2)) : (x1  x2)

Taking the norm of both sides, we obtain:

kf (t; x1) f (t; x1)k 

@f

@x
(t; x2 + (x1  x2))

 : kx1  x2k

The continuity of @f
@x
in a neighborhood of (t0; x0) implies that

@f
@x

 is bounded in this neigh-

borhood. Let K be an upper bound for
@f
@x

 in this neighborhood.

11
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We therefore have:

kf (t; x1) f (t; x1)k  k kx1  x2k

which shows that f is locally Lipschitz with respect to x at (t0; x0).

Example 1.3.1 Let y0 = x
t2+x2

= f (t; y) ; with the initial condition x (t0) = x0

where I = ]1;+1[ ;  ]0;+1[

Show that if f 2 C1 then f is locally Lipschitz.

Lemma 1.3.1 (Gronwallís Lemma / Di§erential Form)

i) Let  : [a; b]! R+ be a continuous function satisfying the inequality:

0(t)  (t):(t) +  (t) for almost every t 2 [a; b];

where ;  : [a; b] ! R+ are non-negative functions. Then, for all t 2 [a; b], the following

inequality holds:

(t)  exp
Z t

a

(s)ds


(a) +

Z t

a

 (s)ds


8t 2 [a; b]:

ii) In particular, if:

0(t)  (t):(t) on [a; b]; and (a) = 0;

then   0 on [a; b].

Proof. See Tutorial 01.

Lemma 1.3.2 (Lemme de Gronwall / Integral Form)

i) Let  : [a; b]! R+ be a continuous function satisfying the inequality:

 (t)  C1

Z t

a

 (s) ds+ C2 (p:p:t 2 [a; b])

12
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for C1; C2  0: Then

 (t)  C2e
C1(ta) (p:p:t 2 [a; b])

ii) In particular, if

 (t)  C1

Z t

a

 (s) ds (p:p:t 2 [a; b]) :

for C1  0; then   0 on [a; b].

Proof. See Tutorial 01.

Lemma 1.3.3 A function x : J ! Rn is a solution to the Cauchy problem (P) if and only if:

1- x is continuous on J, and for all t 2 J; (t; x (t)) 2 J    I  ;

2- For all t 2 J; x(t) = x0 +
R t
t0
f (s; x(s)) ds:

Proof. See Tutorial 01.

Theorem 1.3.2 (Cauchy-Lipschitz Theorem, Local Existence and Uniqueness of Solutions).

Let t0 2 R, x0 2 Rn, r0,T0 2 R+, and

f : [t0  T0; t0 + T0]Bf (x0; r0)! Rn

be a continuous function. Let k;M; T 2 R+. Assume that:

1- f satisÖes (1.3.1) for all t 2 [t0  T0; t0 + T0] and x1; x2 2 Bf (x0; r0),

2- For all (t; x) 2 [t0  T0; t0 + T0]Bf (x0; r0) ; kf (t; x)k M;

3- T  min

T0;

r0
M


:

Then there exists a unique solution (I; x) to the Cauchy problem

8
><
>:

x
0
(t) = f (t; x (t))

x(t0) = x0

13
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where I = [t0  T; t0 + T ]. Moreover, for any solution (J; z) of this Cauchy problem with J 

[t0  T; t0 + T ] ; we have z = xjJ .

Proof.

We begin by proving the existence of a solution. If x : [t0  T; t0 + T ] ! Rn is a continuous

function taking values in Bf (x0; r0), then the function

t! x0 +

Z t

t0

f (s; x(s)) ds

also takes values in Bf (x0; r0). Indeed, for t 2 [t0  T; t0 + T ], we have


Z t

t0

f (s; x(s)) ds

 

Z t

t0

kf (s; x(s))k ds
 M jt t0j MT  r0;

where we have used the hypothesis that T  r0
M
. We can therefore deÖne a sequence (xm)m0

of functions from [t0  T; t0 + T ] to Bf (x0; r0) by setting

x0 (t) = x0;

xm (t) = x0 +

Z t

t0

f (s; xm1(s)) ds for m  1:

We will now prove, by induction on m  1, that for all t 2 [t0  T; t0 + T ], we have

kxm (t) xm1 (t)k M
km1 jt t0jm

m!
:

Indeed, for m = 1, we have

kx1 (t) x0 (t)k M jt t0j :

14
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If we assume the inequality holds for some integer m  1, then

kxm+1 (t) xm (t)k =

Z t

t0

(f (s; xm(s)) f (s; xm1(s)))ds





Z t

t0

k(f (s; xm(s)) f (s; xm1(s)))k ds


 k


Z t

t0

kxm (s) xm1 (s)k ds


 k


Z t

t0

M
km1 js t0jm

m!
ds



 Mkm jt t0jm+1
(m+ 1)!

;

which proves the desired inequality for m+ 1 and completes the induction.

From this statement, we deduce that for t 2 [t0  T; t0 + T ] and m  0, we have

kxm+1 (t) xm (t)k 
MkmTm+1

(m+ 1)!
:

Therefore, the series of functions
P

m0 zm, deÖned by

z0 = x0; zm = xm  xm1 for m  1;

converges uniformly on [t0  T; t0 + T ]. This implies that the sequence of functions (xm)m0

converges uniformly on [t0  T; t0 + T ]. If we denote by x : [t0  T; t0 + T ] ! Bf (x0; r0) its

limit, then x is continuous (by uniform convergence). Moreover, by taking the uniform limit in

the equality

xm (t) = x0 +

Z t

t0

f (s; xm1(s)) ds;

we obtain that

x (t) = x0 +

Z t

t0

f (s; x(s)) ds:

(To prove the uniform convergence of the function s 7! f(s; xm1(s)) to s 7! f(s; x(s)), we use

the fact that f satisÖes (1.3.1) on the considered domain.) In view of Lemma 1.3.3, this shows

15
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that ([t0  T; t0 + T ] ; x) is a solution to the considered Cauchy problem.

We now consider the question of uniqueness. Let x : [t0  T; t0 + T ]! Bf (x0; r0) be a function

such that ([t0  T; t0 + T ] ; x) is a solution to the Cauchy problem, and we want to show that

if (J; z) is a solution with J  [t0  T; t0 + T ], then z = xjJ .

We observe that if (J; z) is such a solution, then for t 2 J , we have

kx (t) z (t)k =

Z t

t0

(f (s; x(s)) f (s; z(s)))ds





Z t

t0

k(f (s; x(s)) f (s; z(s)))k ds


 k


Z t

t0

k(x(s) z(s))k ds
 :

By applying Lemma 1.3.2 to the function s 7!k x(s) z(s) k (with A = 0), we deduce that for

all s 2 J , we have k x(s) z(s) k= 0, that is, x(s) = z(s).

Lemma 1.3.4 Let   RRn be an open set, and let f : ! Rn be a continuous function that

is locally Lipschitz with respect to the second variable. Let (I1; x1) and (I2; x2) be two solutions

of the di§erential equation

x
0
(t) = f (t; x (t))

If there exists t0 2 I1 \ I2 such that x1(t0) = x2(t0), then

x1jI1\I2 = x2jI1\I2 :

Proof. See ([9], Chap. X).

Corollary 1.3.1 Let   RRn be an open set, and let f : ! Rn be a continuous function

that is locally Lipschitz with respect to the second variable. Let t0 2 R and x0 2 Rn such that

(t0; x0) 2 . The Cauchy problem

8
><
>:

x
0
(t) = f (t; x (t))

x(t0) = x0

16
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admits a unique maximal solution. Moreover, its interval of deÖnition is open, and any solution

to this Cauchy problem can be obtained by restriction of the maximal solution.

Proof. See ([9], Chap. X).

Exercise 1.3.1 Let x0 > 0. Consider the following Cauchy problem:

8
><
>:

x
0
= x2

x(0) = x0

1- Find the explicit solution of the Cauchy problem.

2- Determine the maximal interval of deÖnition of this solution.

3- Show that the maximal solution is not global, i.e., it is not deÖned on all of R.

We present here the Cauchy-Peano-Arzel‡ Theorem, a key result in the theory of ordinary

di§erential equations. This theorem guarantees the existence of at least one solution to the

Cauchy problem, though it does not ensure uniqueness.

Theorem 1.3.3 (Cauchy-Peano-Arzel‡ Theorem) Let t0 2 R, x0 2 Rn, r0,T0 2 R+, Assume

that the function f : [t0; t0 + T0]Bf (x0; r0)! Rn is continuous, where Bf (x0; r0) is the closed

ball in Rn centered at x0 with radius r0.

Furthermore, suppose there exists a constant M > 0 such that:

kf (t; x)k M For all (t; x) 2 [t0; t0 + T0]Bf (x0; r0) :

Then, the Cauchy problem: 8
><
>:

x
0
(t) = f (t; x (t))

x(t0) = x0

has a solution x(t) deÖned on the interval [t0; t0 + T0], where: T = min

T0;

r0
M


:

Proof. See ([9], Chap. X)

17
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Example 1.3.2 Consider the Cauchy problem:

8
><
>:

x
0
(t) = 3x

2
3

x(0) = 0
t  0 (1.3.2)

This problem admits two solutions on the same time interval J :

x1(t) = 0; J = R;

x2(t) = t3; J = R:

Thus, the problem (1.3.2) does not have a unique solution on R.

Theorem 1.3.4 (Global Existence and Uniqueness) Let f :  ! Rn, where   R  Rn, be

locally Lipschitz. Then, for every (t0; x0) 2 , the di§erential equation x0 (t) = f (t; x (t)) has

one and only one maximal solution ' : I  R! Rn satisfying the initial condition (t0; x0). The

interval I is open.

Proof. See [10]:

The following result provides information about the behavior of maximal solutions.

Theorem 1.3.5 Let f : ! Rn, where   R Rn is open, be locally Lipschitz in x, and let

' :]a; b[! Rn be a maximal solution of the equation x
0
(t) = f (t; x (t)). Then, for every compact

set K  , there exist aK ; bK with a < aK < bK < b such that (t; '(t)) =2 K for all tt satisfying

a < t < aK or bK < t < b.

What this theorem tells us, in particular, is that if  = R  Rn and b < 1, then as t ! b,

(t; '(t)) must leave every compact subset of R Rn, and therefore necessarily k'(t)k ! 1.

Proof. See [10]:

Theorem 1.3.6 . (Complement to the Global Existence and Uniqueness Theorem) Let  =

]t1; t2[Rn and f :  ! Rn be a continuous function such that for every 1,2 with t1 < 1 <

18
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2 < t2, there exists a constant K1;2 satisfying

kf (t; x1) f (t; x1)k  K1;2 kx1  x2k ; 8(t; xi) 2 [1; 2] Rn; i = 1; 2

Then, for every (t0; x0) 2]t1; t2[Rn, there exists one and only one solution  :]t1; t2[! Rn

satisfying the initial condition (t0; x0).

Proof. See [10]:

The following theorem is an easy consequence of Theorem 1.3.5.

Theorem 1.3.7 (Continuous Dependence on Initial Conditions and Parameters). Let f : !

Rn, where   R Rn is an open set, and f is locally Lipschitz in x. Let (t0; x0) 2 , and let

'(t0;x0) : I(t0;x0) ! Rn be the maximal solution with initial condition (t0; x0). Then, for every

closed and bounded interval I  I(t0;x0) with t0 2 I, and for every  > 0, there exist 1; 

2 > 0

such that if

jt1  t0j < 1 and kx1  x0k < 2;

and if '1 : I1 ! Rn denotes the maximal solution with initial condition (t1; x1), then:

I  I1;

k'1 (t) ' (t)k <  for all t 2 I:

Proof. See [10]:

Let us deÖne the áow  of the equation by:

U =

(t0; x0; t) 2  R= t 2 I(t0;x0)



and

 : U ! Rn;  (t0; x0; t) = '(t0;x0)(t):

Here,  represents the family of all maximal solutions. The following corollary is an immediate
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consequence of the previous theorem.

Corollary 1.3.2 U is an open set, and  is continuous.

1.4 Linear Di§erential Systems

1.4.1 Linear systems with variable coe¢cients

In this section, we will address systems of ODEs, which can be obtained directly by modeling

a problem involving several unknown functions, or by converting an nn-th order ODE into

a system of several Örst-order ODEs. We will deal here only with the speciÖc case of linear

systems.

DeÖnition 1.4.1 A Örst-order linear di§erential system in Rn deÖned on an open interval

I  R is a system of the form:

8
>>>>>>>>>>>>>><
>>>>>>>>>>>>>>:

x01 (t) = a11 (t) x1 (t) + :::+ a1n (t) xn (t) + b1 (t)

x02 (t) = a21 (t) x1 (t) + :::+ a2n (t) xn (t) + b2 (t)

:

:

:

x0n (t) = an1 (t) x1 (t) + :::+ ann (t) xn (t) + bn (t)

(S)

where the functions aij: I ! R and bi: I ! R are given. We always assume that these functions

are continuous on the interval I.
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For every t 2 I, let:

B (t) =

0
BBBBBBBBBB@

b1 (t)

b2 (t)

:

:

bn (t)

1
CCCCCCCCCCA

; A (t) = (aij (t)) 2Mn (R) ; and X (t) =

0
BBBBBBBBBB@

x1 (t)

x2 (t)

:

:

xn (t)

1
CCCCCCCCCCA

:

The system can then be written in matrix form as:

X 0 (t) = A (t)X (t) +B (t) (S)

DeÖnition 1.4.2 A solution to (S) is a function X : J ! Rn, that is, a parametrized curve in

Rn, deÖned on an open interval J  I, di§erentiable at every point t 2 J , and satisfying (S)

for all t 2 J (thus, the function X is of class C1 on J).

DeÖnition 1.4.3 The homogeneous system associated with (S) is the linear di§erential system

deÖned by:

X 0 (t) = A (t)X (t) (SH)

As with Örst-order di§erential equations, we will use the notions of maximal solution and global

solution for the di§erential system (S).

We have the following result concerning the existence and uniqueness of solutions to the Cauchy

problem for (S):

Theorem 1.4.1 (Cauchy-Lipschitz) Let I be an open interval and aij: I ! R and bi: I ! R

be continuous functions on I. Then, for all t0 2 I and X0 2 Rn, the Cauchy problem
8
><
>:

X 0 (t) = A (t)X (t) +B (t)

X (t0) = X0
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has a unique maximal solution. This solution is global (deÖned on I).

Proof. See Tutorial 02.

Remark 1.4.1 Every maximal solution of (S) or (SH) is global: therefore, we will only con-

sider solutions deÖned on I.

As with linear di§erential equations, we also have the superposition principle in the context of

linear di§erential systems.

Proposition 1.4.1 If X1 : I ! Rn and X : I ! Rn are two solutions of the system (S), then

Z = X X1 is a solution of the associated homogeneous system (SH). Therefore, any solution

X of (S) can be expressed in the form: X = X1 + Z where Z is a solution of (SH).

Conversely, if Z is any solution of (SH), then X1 + Z is a solution of (S).

Proof. See [2]:

Therefore:

To Önd all the solutions of the linear di§erential system (S), it is su¢cient to:

1- Determine all the solutions Z of the associated homogeneous system.

2- Determine any particular solution X1 of (S).

The solutions of (S) are then all the functions of the form: X = X1 + Z:

Proposition 1.4.2 The set SH of solutions to the homogeneous linear di§erential system (SH)

is a vector subspace of the R-vector space C1(I;Rn).

Proof. The set SH is a subspace of C
1(I;Rn) because:

- The zero function (which is trivially a solution) belongs to (SH).

- If Z1 and Z2 are solutions, then Z1 + Z2 is also a solution (linearity).

- If Z is a solution and c 2 R, then cZ is also a solution (scalar multiplication).

Thus, SH satisÖes the properties of a vector subspace.
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Proposition 1.4.3 The set SH of solutions to the homogeneous linear di§erential system (SH)

in Rn is an R-vector space of dimension n.

Proof. Let us show that dimSH = n: Fix t0 2 I, and consider the map t0 deÖned as follows:

t0 : SH ! Rn

Z ! t0 (Z) = Z (t0)

It su¢ces to show that t0 is an isomorphism (i.e., a bijective linear map) between SH and Rn.

This implies that dimSH = dimRn. Since dimRn = n, it follows that dimSH = n.

Lemma 1.4.1 (Wronskian): Let X1; : : : ; Xn : I ! Rn be solutions of (SH). Then the following

three propositions are equivalent:

1- X1; : : : ; Xn are linearly independent.

2-There exists a t0 2 I such that the matrix deÖned by

(X1 (t0)j ; :::; Xn (t0)j) ; (1.4.1)

is invertible.

3- The matrix

(X1 (t)j ; :::; Xn (t)j) ; (1.4.2)

is invertible for all t 2 I.

The determinant of the matrix (1:4:2) is called the Wronskian.

Proof. See [4]:

DeÖnition 1.4.4 (FUNDAMENTAL MATRIX): Let X1; : : : ; Xn : I ! Rn be solutions of

(SH). If the n functions are linearly independent, they are said to form a fundamental set of
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solutions of (SH). We then denote

M (t) = (X1 (t)j ; :::; Xn (t)j) ; (1.4.3)

the n n matrix, which we call the fundamental matrix of the system (SH).

Theorem 1.4.2 (HOMOGENEOUS SYSTEM SOLUTIONS) Let X1; X2; : : : ; Xn be a funda-

mental set of solutions to (SH). Then any solution X of (SH) is of the form

X (t) =

nX

i=1

ciXi (t)

where c1; c2; :::; cn 2 R:

Proof. See [4]:

Theorem 1.4.3 (Solutions of Non-Homogeneous Systems) LetX1; X2; : : : ; Xn be a fundamental

set of solutions for the homogeneous problem (SH); and let Xp be a particular solution of (S):

Then, any solution X of (S) can be expressed in the form:

X (t) = Xp +

nX

i=1

ciXi (t)

where c1; c2; :::; cn 2 R:

Proof. See [4]:

Theorem 1.4.4 Let M be a fundamental matrix of the system (SH). Then:

1- For all t 2 R, we have M 0(t) = A(t)M(t):

2- The general solution of (SH) is given by X =MC, where C 2 Rn.

Proof. Let M be a fundamental matrix of the system (SH). Then, M = (X1; X2; : : : ; Xn),

where fX1; X2; : : : ; Xng is a fundamental system of solutions of (SH).
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1- We have:

M 0(t) = (X1 (t) ; X2 (t) ; : : : ; Xn (t))
0

This means:

M 0(t) = (X 0
1 (t) ; X

0
2 (t) ; : : : ; X

0
n (t))

Since each Xi(t) is a solution of (SH), we know that X
0
i(t) = A(t)Xi(t). Therefore:

M 0(t) = (A(t)X1(t); A(t)X2(t); : : : ; A(t)Xn(t))

This can be rewritten as:

M 0(t) = A(t)(X1(t); X2(t); : : : ; Xn(t)) = A(t)M (t)

Thus, we have shown that:

M 0(t) = A(t)M (t)

2- The general solution X(t) of the system(SH) can be expressed as a linear combination of the

fundamental solutions X1(t); X2(t); : : : ; Xn(t). That is:

X(t) = c1X1(t) + c2X2(t) + :::+ cnXn(t)

This can be written in matrix form as:

X(t) = (X1(t); X2(t); : : : ; Xn(t))C

where C is the column vector of constants.

Thus, the general solution is:

M 0(t) =M (t)C

Theorem 1.4.5 (Solution to the Cauchy Problem): Let M(t) be a fundamental matrix of solu-

tions to the homogeneous system (SH), and let B (t) be a continuous vector function. If the

25



Chapter 1. Reminders and Fundamental Concepts, Dr: SACI ATEF

initial condition X (t0) = X0 is speciÖed at t0 2 I and X0 2 Rn, then the unique solution to the

Cauchy problem: 8
><
>:

X 0 (t) = A (t)X (t) +B (t) ;

X (t0) = X0:

(1.4.4)

is given by:

X (t) =M(t)M1 (t0)X0 +M(t)

Z t

t0

M1(s)B (s) ds (1.4.5)

Proof. by theorem 1.4.3 we have

X (t) = Xp +

nX

i=1

ciXi (t)

To Önd a particular solution Xp to the nonhomogeneous system, we use the method of variation

of constants. Here are the detailed steps:

Step 1: We seek a particular solution Xp in the form:

Xp =

nX

i=1

Xi (t) i (t)

where:

Xi (t) are the columns of the fundamental matrix M(t) (solutions to the homogeneous system),

i: I ! R are functions to be determined.

Step 2: By di§erentiating Xp, we obtain:

X 0
p (t) =

nX

i=1

X 0
i (t) i (t) +

nX

i=1

Xi (t) 
0
i (t)

Since Xi(t) are solutions to the homogeneous system X 0 (t) = A (t)X (t), we have X 0
i (t) =

A (t)Xi (t). Thus:

X 0
p (t) = A (t)

nX

i=1

Xi (t) i (t) +

nX

i=1

Xi (t) 
0
i (t) :

This can be rewritten as:

X 0
p (t) = A (t)Xp (t) +M (t) 0 (t) ;
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where M (t) is the fundamental matrix and  (t) = (1 (t) ; :::; n (t))
T
:

Step 3: We want Xp to be a solution to the nonhomogeneous system:

X 0
p (t) = A (t)Xp (t) +B (t) ;

Comparing this with the expression obtained in Step 2, we deduce that:

M (t) 0 (t) = B (t) :

Step 4: Since M (t) is invertible (as it is a fundamental matrix), we can write:

0 (t) =M1 (t)B (t) ;

Integrating this equation, we obtain:

 (t) =

Z t

t0

M1 (s)B (s) ds:

where t0 2 I is Öxed.

Step 5: Substituting  (t) into the expression for Xp, we Önd:

Xp (t) =M (t)  (t) =M (t)

Z t

t0

M1 (s)B (s) ds:

Step 6: According to Theorem 1.4.3, the general solution to the nonhomogeneous system is

the sum of a particular solution Xp and the general solution to the homogeneous system XH .

Thus:

X (t) = Xp (t) +XH =M (t)

Z t

t0

M1 (s)B (s) ds+M (t)C

where C 2 Rn is a constant vector.

Step 7: (Solution to the Cauchy Problem)
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If we Öx an initial condition X(t0) = X0, then the vector C is determined by:

X (t0) =M (t0)C = X0

Since M (t0) is invertible, we have:

C =M1 (t0)X0:

The solution to the Cauchy problem is therefore given by:

X (t) =M(t)M1 (t0)X0 +M(t)

Z t

t0

M1(s)B (s) ds:

Corollary 1.4.1 The solution to the system (S)

X 0 (t) = A (t)X (t) +B (t) ;

is given by:

X (t) = Xp (t) +XH =M (t)

Z t

t0

M1 (s)B (s) ds+M (t)C

Corollary 1.4.2 Let (t0; X0) 2 I  Rn. The solution to the system

8
><
>:

X 0 (t) = A (t)X (t) ;

X (t0) = X0:

(1.4.6)

is given by:

X (t) =M(t)M1 (t0)X0 (1.4.7)

Remark 1.4.2 The matrix M(t)M1 (t0) is called the resolvent matrix of the system (1.4.6).

It is denoted by R (t; t0) : i.e

R (t; t0) =M(t)M1 (t0)

28



Chapter 1. Reminders and Fundamental Concepts, Dr: SACI ATEF

1.4.2 Linear systems with constant coe¢cients

In this section, we will consider a special case of the previous section. We will study problem

(S) with A being a constant. The methods of resolution for such systems rely heavily on

the properties of the matrix exponential and the structure of the matrix A. SpeciÖcally, we

will explore how to Önd solutions using techniques such as diagonalization, and the matrix

exponential etA. These methods are particularly e§ective when A is a constant matrix, as they

allow us to derive explicit formulas for the solutions.

Matrix Exponential Method

The goal is to focus on Önding a fundamental matrix M(t) 2 Mn(R) for (S). We will use the

concept of the matrix exponential, which we will explain here.

We also recall that one deÖnition of the exponential function ex, where x 2 R, is:

ex =

+1X

n=0

xn

n!
:

We will see that this deÖnition also applies to matrix exponentials.

DeÖnition 1.4.5 The matrix exponential of a square matrix A 2Mn(R) is deÖned as:

eA = I +
A

1!
+
A2

2!
+
A3

3!
+ ::::: =

+1X

n=0

An

n!

where: I is the identity matrix of the same size as A.

Lemma 1.4.2 The series
P+1

n=0
An

n!
converges. This is deÖned using the operator norm

kAk = sup
X2Rn;X 6=0

kAXk
kXk

where k:k represents any vector norm on Rn.
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Proof. For any k,
Ak

  kAkk. We examine the absolute series of the original series:

+1X

n=0

kAnk
n!


+1X

n=0

kAkn
n!

The series on the right-hand side is the ordinary exponential series ekAk, which is a convergent

series for all Önite values of kAk.

the original series
P+1

n=0
An

n!
converges absolutely, and therefore converges in the space of matrices

Mn(R):

Remark 1.4.3 We accept that the exponential of the zero matrix is the identity matrix, i.e.,

e0Mn(R) = I;

where 0Mn(R) is the zero matrix and I is the identity matrix of the same size.

Proposition 1.4.4 Let A;B 2Mn(R).

1- If AB = BA, then eA+B = eAeB:

2- For any matrix A, we have

eA
1

= eA:

3- Let  2 R. Then, eIn+A = eeA:

Proof. See [12]:

The question that arises then is: How can we Önd eA?

1) If A is a diagonal matrix with aii on the diagonal, then e
A is the diagonal matrix with eaii

on the diagonal. i.e, if

A =

0
BBBBBBBBBB@

a11 0 : : 0

0 a22 : : 0

: : :

: : :

0 0 : : ann

1
CCCCCCCCCCA

then eA =

0
BBBBBBBBBB@

ea11 0 : : 0

0 ea22 : : 0

: : :

: : :

0 0 : : eann

1
CCCCCCCCCCA
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2) If A = PDP1, where D is a diagonal matrix, then eA = PeDP1:

3) Let N be a nilpotent matrix of index m 2 N (meaning Nm = 0 for some positive integer

m). Then,

eN = In +
N

1!
+
N2

2!
+ :::+

Nm1

(m 1)! :

4) Suppose that A = I+N , where N is an upper triangular matrix with zeros on the diagonal.

Then, Nm = 0 for all m  n. Consequently,

eA = e
m1X

k=0

Nk

k!

Theorem 1.4.6 (Fundamental Solution) The matrix M (t) = etA =
P+1

n=0
tn

n!
An is a funda-

mental solution of (SH). It is therefore invertible and satisÖes M 0(t) = AM(t):

Proof. By Lemma 1.4.2, the series
P+1

n=0
tn

n!
An converges for any matrix A 2 Mn(R) and any

t 2 R.

Di§erentiating term by term, we obtain:

M 0(t) =
d

dt

+1X

n=0

tn

n!
An

= A

+1X

n=1

tn1

(n 1)!A
n1 p = n 1

= A

+1X

p=0

tp

(p)!
Ap

= A etA = AM(t)

The fundamental solution of a linear system is always invertible for all t 2 R. Therefore, M(t)

is invertible for all t 2 R:

Theorem 1.4.7 (Solution to Homogeneous Systems): The general solution of the systemX 0(t) =

AX(t) is given by

X(t) = eAtC;
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where C 2 Rn.

Proof. X(t) = eAtC is a solution due to the properties of the matrix exponential.

Theorem 1.4.8 (Solution to Non-Homogeneous Systems): If A is a constant matrix, then the

solution to (1:4:4) is given by

X (t) = eA(tt0)X0 +

Z t

t0

eA(ts)B (s) ds:

Proof. The proof of this theorem is the same as the proof of Theorem 1.4.5. Both rely on

the variation of parameters method and the properties of the matrix exponential to derive the

solution to the non-homogeneous system.

Corollary 1.4.3 Let (t0; X0) 2 I  Rn. The solution to the system

8
><
>:

X 0 (t) = AX (t) ;

X (t0) = X0:

is given by:

X (t) = eA(tt0)X0:

Spectral Method

The spectral method is a powerful tool for solving systems of linear di§erential equations with

constant coe¢cients. Consider the system X 0 (t) = AX (t), where A is a square matrix with

constant coe¢cients. The eigenvalues and eigenvectors of A play a key role in constructing

solutions to this system.

Lemma 1.4.3 Let A 2 Mn(R),  2 R be an eigenvalue of A, and V 2 Rn be an eigenvector

associated with . Then, the function X : R! Rn deÖned by X (t) = etV is a solution to the

system X 0 (t) = AX (t).
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Proof. By di§erentiating X (t), we obtain X 0 (t) = etV . On the other hand, multiplying

A by X(t) gives A:X(t) = A:(etV ) = etA:V . Since V is an eigenvector associated with ,

we have AV = V , which implies A:X(t) = et:V . Therefore, X 0 (t) = AX (t) for all t 2 R,

proving that X(t) is indeed a solution to the system.

Theorem 1.4.9 If A admits n linearly independent eigenvectors V1; V2; : : : ; Vn associated with

the real eigenvalues 1;2; : : : ;n, then the general solution of the homogeneous system (SH) is

given, for all t 2 R, by:

X (t) = c1V1e
1t + c2V2e

2t + :::+ cnVne
nt

where c1; c2; : : : ; cn 2 R.

Proof. To prove the result of the theorem, we deÖne for all t 2 R:

X1 (t) = V1e
1t; X2 (t) = V2e

2t; ....; Xn (t) = Vne
nt:

To show that the general solution of the homogeneous system (SH) is given by the linear com-

bination of these functions, it is su¢cient to prove that fX1; X2; : : : ; Xng forms a fundamental

system of solutions for (SH).

Proof that X1; X2; : : : ; Xn are solutions of (SH):

From the previous lemma, each Xi (t) = Vie
it is a solution of (SH) because Vi is an eigenvector

of A associated with the eigenvalue i.

Proof that X1; X2; : : : ; Xn are linearly independent:

Consider the Wronskian W (t) of the system at t = 0:

W (0) = det (X1 (0) ; X2 (0) ; :::; Xn (0)) = det (V1; V2; :::; Vn) :
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since V1; V2; : : : ; Vn are linearly independent (by assumption), the determinant det (V1; V2; :::; Vn)

is non-zero:

W (0) 6= 0

this ensures that the solutions X1; X2; : : : ; Xn are linearly independent.

ince X1; X2; : : : ; Xn are solutions of (SH) and linearly independent, they form a fundamental

system of solutions. Therefore, the general solution of (SH) is given by:

X (t) = c1V1e
1t + c2V2e

2t + :::+ cnVne
nt;

where c1; c2; : : : ; cn 2 R.

Corollary 1.4.4 If A admits n distinct real eigenvalues 1;2; : : : ;n, then the general solution

of the homogeneous system (SH) is given, for all t 2 R, by:

X (t) = c1V1e
1t + c2V2e

2t + :::+ cnVne
nt;

where c1; c2; : : : ; cn 2 R. Here, V1; V2; : : : ; Vn are the eigenvectors associated with the eigenvalues

1;2; : : : ;n, respectively.

Proof. Since A admits n distinct real eigenvalues 1;2; : : : ;n, the corresponding eigenvectors

are linearly independent. Therefore, we conclude by applying the previous theorem.

1.5 The Floquet theory

The Floquet theorem is a fundamental result in the study of systems of linear di§erential equa-

tions with periodic coe¢cients. It is particularly useful for analyzing the stability of solutions

to such systems.
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Theorem 1.5.1 (Floquet 1883) Consider a system of linear di§erential equations of the form:

X 0 (t) = A(t)X (t) (1.5.1)

where A(t) is a square matrix whose elements are periodic functions with period T , that is,

A(t+ T ) = A(t) for all t 2 R:

The fundamental matrix (t; 0) of the system (1.5.1) can be expressed in the form:

 (t; 0) = P (t) eBt

where:

- P (t) is a T -periodic matrix, meaning P (t+ T ) = P (t), and P (0) = I (the identity matrix).

- B is a constant matrix.

Proof.(main idea):

1- We start by considering the fundamental matrix  (t; 0), which is a solution to the system

X 0 (t) = A(t)X (t) with  (0; 0) = I (the identity matrix).

2- Using the periodicity of A(t), we show that (t+ T; 0) is also a fundamental solution.

3- Consequently, there exists a constant matrix C such that (t+ T; 0) = (t; 0)C.

4- By diagonalizing C (or using its Jordan form), we can write C = eBT , where B is a constant

matrix.

5- We then deÖne P (t) = (t; 0)eBt and verify that P (t) is periodic with period T and that

P (0) = I:
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Chapter 2

The Concept of Stability

Summary

This chapter focuses on the Lyapunov stability analysis of solutions to ordinary di§erential

equations, with special emphasis on linear systems
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2.1 Introduction

By deÖnition, stability implies that if a system is in equilibrium, it will remain in this state as

time evolves. Lyapunov stability analysis involves studying the systemís trajectories when the

initial state is close to an equilibrium point.

The key objective of stability theory is to draw conclusions about the systemís behavior without

explicitly computing its trajectories.

2.2 The case of ordinary di§erential equations

To explore classical results on Lyapunov stability, we Örst recall the following fundamental

deÖnitions.

We denote by

-  a non-empty open subset of Rn (where n 2 N),

- I a non-empty interval of R, unbounded on the right.

For a continuous function f : ! Rn, we associate the autonomous system:

x0 = f (x) ; x0 =
dx

dt
(2.2.1)

For a continuous function f : I  ! Rn, we associate the non-autonomous system:

x0 = f (t; x) (2.2.2)

The notation x(t; t0; x0) = x(t) refers to a solution x(t) of system (2.2.1) or (2.2.2) such that

x(t0) = x0.

DeÖnition 2.2.1 For the autonomous system (2.2.1) :
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a point x 2  is called an equilibrium point (or Öxed point) if:

f(x) = 0:

This means that if the system starts at x, it remains there for all time, i.e., x(t) = x is a

constant solution.

DeÖnition 2.2.2 For the non-autonomous system (2.2.2) :

an equilibrium point is a point x 2  such that:

f(t; x) = 0; 8t 2 I:

This means x(t) = x is a constant solution for all time t.

Example 2.2.1 Consider the following system:

8
><
>:

x01 = x2

x02 = (1 x22)x2  x1  x21

Determine the equilibrium points of the system.

Finding Equilibrium Points

An equilibrium point (x1; x

2) satisÖes:

From x01 = 0

x2 = 0:

Substitute x2 = 0 into x
0
2 = 0:

x1  x21 = 0 =) x1 = 0; x1 = 1:

Equilibrium Points: (x1; x

2) = (0; 0); (x


1; x


2) = (1; 0);
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DeÖnition 2.2.3 (Stability, [7])

We say that an equilibrium point x = x is stable (in the sense of Lyapunov) if:

8" > 0; 8t0  0; 9 = (t0; ") > 0; such that

k x0  x k<  =)k x(t) x k< "; 8t  t0:

SpeciÖcally for n = 2

Consider the second-order system of di§erential equations:

dx

dt
= f1 (t; x; y)

dy

dt
= f2 (t; x; y)

x(t0) = x0; y(t0) = y0 (2.2.3)

The equilibrium point (x = y = 0) is stable (in the sense of Lyapunov for t! +1) if:

8" > 0; 8t0  0; 9 = (t0; ") > 0; such that for any solution of (2:2:3); (x(t); y(t))

jx0j < ; and jy0j <  =) jx(t)j < " and jy(t)j < "; 8t  t0:

Example 2.2.2 Study the stability of the solution of the following system:

x0 (t) = 9y

y0 (t) = x

x(t0) = 0; y(t0) = 0 (2.2.4)

such that, the general solution of the system (2.2.4) is

x (t) = 3c1 sin (3t) + 3c2 cos (3t)

y (t) = c1 cos (3t) + c2 sin (3t)
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DeÖnition 2.2.4 (Asymptotic Stability, [7])

An equilibrium point x is said to be asymptotically stable (AS) if:

1- It is stable (in the sense of Lyapunov).

2- It is attractive:

9a(t0) > 0 such that k x0  x k< a =) lim
t!+1

x(t) = x:

DeÖnition 2.2.5 (Uniform Stability, [7])

An equilibrium point x = x is said to be uniformly stable (US) if:

8" > 0; 9 = (") > 0; such that 8t0  0;

k x0  x k<  =)k x(t) x k< "; 8t  t0:

DeÖnition 2.2.6 (Uniform Asymptotic Stability, [7])

An equilibrium point x is said to be uniformly asymptotically stable (UAS) if:

1- Uniformly Stable (US).

2- Uniformly Attractive:

9 a > 0 independent of t0, such that 8" > 0; 9T = T ("; a) > 0;

k x0  x k< a =)k x(t) x k< "; 8t  t0 + T:

i.e

9 a > 0 independent of t0, such that k x0  x k< a =) lim
t!+1

x(t) = x:

DeÖnition 2.2.7 (Exponential Stability, [7])

An equilibrium point x is said to be exponentially stable (ES) if there exists a neighborhood

U(x) of x, and constants 1 > 0, 2 > 0 such that:

k x(t) x k 1 k x0  x k e2(tt0); 8x0 2 U(x); 8t  t0  0:
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Here, the constant 2 is called the rate of convergence (or exponential convergence rate).

Example 2.2.3 Consider the following problem:

x0 (t) = x

x (t0) = x0 (2.2.5)

1- Determine the solution of problem (E).

2- Using the deÖnition, analyze whether the equilibrium point of the problem is:

Stable, uniformly stable, asymptotically stable, uniformly asymptotically stable, exponentially

stable.

Solution

1- The given equation is a Örst-order linear ODE:

x0 (t) = x =) dx

dt
= x

=)
Z
dx

x
= 

Z
dt

=) x(t) = Cet

where C is a constant determined by initial conditions.

Explicit solution:

x(t) = x0e
(tt0)

2- Equilibrium Point

The system has an equilibrium point at x = 0, since:

x0 (t) = 0 =) x = 0

3. Stability Analysis
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a) Stable (Lyapunov Stability)

8" > 0; 8t0  0; 9 = (t0; ") > 0; such that

jx0j <  =) jx(t)j < "; 8t  t0:

we have

jx(t)j =
x0e(tt0)

  jx0j et0 < " Since t  t0  0

choose (t0; ") = "et0 ;Then

jx0j <  =) jx(t)j < "; 8t  t0:

The equilibrium is stable.

b) Uniformly Stable

8" > 0; 9 = (") > 0; such that 8t0  0;

k x0 k<  =)k x(t) k< "; 8t  t0:

The stability is uniform if  is independent of t0.

we have

jx(t)j =
x0e(tt0)

  jx0j < " Since t  t0  0

choose (") = ";Then

jx0j <  =) jx(t)j < "; 8t  t0:

The equilibrium is uniformly stable.

c) Asymptotically Stable

- Stability is already proven.
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-

9a(t0) > 0 such that jx0j < a =) lim
t!+1

x(t) = lim
t!+1

x0e
(tt0) = 0:

The equilibrium is asymptotically stable.

d) Uniformly Asymptotically Stable

The convergence x(t)! 0 is uniform in t0 (i.e., the rate does not depend on t0).

The decay rate e(tt0) is exponential and independent of t0.

The equilibrium is uniformly asymptotically stable.

e) Exponentially Stable

91;2 > 0; such that jx(t)j  1 jx0j e2(tt0); 8t  t0:

Here,

jx(t)j =
x0e(tt0)

 ; so 1 = 1and 2 = 1:

The equilibrium is exponentially stable.

Remark 2.2.1 (Lyapunov Stability Counterexamples, implications)

 Lyapunov stability ; Uniform stability

(Example: _x = x=(1 + t))

 Asymptotic stability ; Uniform asymptotic stability

(Example: _x = x3=(1 + t))

 Uniform stability + Asymptotic stability + uniform convergence ) Uniform asymptotic

stability

(Standard result - no counterexample needed)

 Exponential stability ) Asymptotic stability ) Stability

(Example: _x = x demonstrates all three)

43



Chapter 2. The Concept of Stability, Dr: SACI ATEF

2.3 The case of a system of linear di§erential equations

Consider the di§erential system:

Nonhomogeneous system:

y0(t) = A(t)y(t) + f(t) (2.3.1)

Homogeneous system:

y0(t) = A(t)y(t) (2.3.2)

where:

 A(t) 2Mn(R) is a continuous matrix function,

 f(t) is a continuous vector function,

 deÖned on the interval I = (a;+1).

DeÖnition 2.3.1 The system (2.3.1) is said to be stable (resp. unstable) if all solutions are

stable (resp. unstable) in the sense of Lyapunov.

Theorem 2.3.1 ([8]) For any arbitrary function f of class C(I), the system (2.3.1) is stable

if and only if the zero solution of system (2.3.2) is stable.

Proof. ()) Let t0 2 I and '(t) be a stable solution of the homogeneous system (2.3.2) on

the interval [t0;+1) with '(t0) = y0. By deÖnition of stability (in the sense of Lyapunov), for

every " > 0, there exists  > 0 such that for any solution  (t) on [t0;+1) with initial condition

 (t0) = z0 satisfying ky0  z0k < , we have:

k'(t)  (t)k < " 8t  t0:

Now consider the function:

'(t) = '(t)  (t) (2.3.3)
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which is a solution of the homogeneous system (2.3.2). By hypothesis, ' satisÖes:

8" > 0; 9 > 0 such that k'(t0)k <  ) k'(t)k < " 8t  t0: (2.3.4)

Since any solution of system (2.3.2) can be written in the form (2.3.3), the condition (2.3.4)

implies the stability of the zero solution of (2.3.2).

(() Conversely, assume the zero solution of (2.3.2) is stable. Then for any solution '(t) of

(2.3.2) on [t0;+1), condition (2.3.4) holds. Let '(t) be a particular solution of the nonhomogen-

eous system (2.3.1) on [t0;+1) and  (t) an arbitrary solution of the same system on [t0;+1).

We deduce from (2.3.4) that:

k'(t)  (t)k < " whenever k'(t0)  (t0)k < :

This proves that '(t) is stable.

Corollary 2.3.1 ([8]) The following statements hold for the di§erential systems (2.3.1) and

(2.3.2):

1. The system (2.3.1) is stable (respectively asymptotically stable) if and only if the homo-

geneous system (2.3.2) is stable (respectively asymptotically stable).

2. To study the stability of solutions of system (2.3.1), it su¢ces to study the stability of the

zero solution of system (2.3.2).

3. For the stability analysis of any solution of system (2.3.1), it is su¢cient to study the

stability of at least one of its solutions.

4. The system (2.3.1) is uniformly stable (respectively uniformly asymptotically stable) if

and only if the zero solution of system (2.3.2) is uniformly stable (respectively uniformly

asymptotically stable).

Theorem 2.3.2 ([8]) The homogeneous system (2.3.2) is stable if and only if every solution

'(t) of the system on the interval [t0;+1) is bounded.
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Proof. ()) Assume all solutions of system (2.3.2) are bounded on [t0;+1). This means the

resolvent matrix M(t) = (t)(t0)
1 of system (2.3.2) is bounded, i.e., there exists a constant

K > 0 such that:

kM(t)k  K 8t  t0:

Any solution '(t) of system (2.3.2) can be expressed as:

'(t) =M(t)'(t0):

Therefore:

k'(t)k  kM(t)kk'(t0)k  Kk'(t0)k:

This implies Lyapunov stability: for every " > 0, choose  = "=K such that:

k'(t0)k <  ) k'(t)k < " 8t  t0:

Thus, the zero solution is stable, and consequently all solutions of system (2.3.2) are stable.

(() Conversely, suppose there exists an unbounded solution '(t) of system (2.3.2) on [t0;+1).

Clearly '(t0) 6= 0.

For a given  > 0, deÖne the scaled solution:

 (t) =
'(t)

k'(t0)k
 
2
:

Note that k (t0)k = =2 < .

Since '(t) is unbounded, there exists t1 > t0 and "1 > 0 such that:

k (t1)k =
k'(t1)k
k'(t0)k

 
2
> "1;

which contradicts the stability of the zero solution of system (2.3.2).
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Example 2.3.1 Consider the system:

8
>><
>>:

x0 = 1 + t x

y0 = 1 + t y

(2.3.5)

with initial conditions x(0) = x0, y(0) = y0. Does the solution of problem (2.3.5) satisfy:

Stable, uniformly stable, asymptotically stable, uniformly asymptotically stable?"

2.4 Well-posed and ill-posed problems

According to Jacques Hadamard [6], a mathematical problem is said to be well-posed (in the

sense of Hadamard) if all the following conditions are satisÖed:

1. A solution exists.

2. The solution is unique.

3. The solution depends continuously on the given data.

The problem is ill-posed if any one of these conditions is not met.

Example 2.4.1 (Well-Posed Problems)

The Dirichlet Problem for Laplaceís Equation

8
>><
>>:

u = 0 in ;

u = f on @;

where  is a bounded domain with smooth boundary.

1.  Existence: A solution exists (under smoothness conditions on f).

 Uniqueness: Guaranteed by the maximum principle.
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 Stability: Small changes in f lead to small changes in u.

Initial Value Problem for the Heat Equation

8
>><
>>:

ut = u for t > 0;

u(x; 0) = f(x);

1.  Existence & Uniqueness: Holds under reasonable conditions on f .

 Stability: The solution depends continuously on initial data f .

Example 2.4.2 (Ill-Posed Problem) Consider the following boundary value problem:

8
>><
>>:

(a(x)y0)0 = f(x); x 2] 1; 1[

y(1) = y(1) = 0

(2.4.1)

Given:

 a(x) = x2 + 1

 f(x) = 3x2 + 1

 Proposed solution: y(x) = 1x2
2

VeriÖcation:

1. Derivative calculations:

y0(x) = x ) a(x)y02 + 1)x

(a(x)y0)0 =
d

dx


x3  x


= 3x2  1

(a(x)y0)02 + 1 = f(x) (veriÖed)
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2. Boundary conditions:

y(1) = 1 (1)2
2

= 0; y(1) =
1 12
2

= 0 (veriÖed)

Ill-Posedness Observation: The di§erential equation admits a unique solution in this case,

but the problem becomes ill-posed if:

 Condition 1 (Existence): For a(x) = c
x
+x2+1 (with c 6= 0), the solution doesnít exist

because a(x) is undeÖned at x = 0.

 Condition 3 (Stability): A small perturbation of a(x) (e.g., a(x) = x2 + 1 + =x) can

make the problem unsolvable.

Conclusion: Problem (2.4.1) is well-posed for a(x) = x2 + 1, but slight modiÖcations to a(x)

make it ill-posed (violation of existence). This illustrates sensitivity to data.
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Chapter 3

Stability Analysis

Summary

This chapter studies the stability of zero solutions in di§erent types of di§erential systems. First,

we analyze both autonomous and non-autonomous linear systems. Then, we examine nonlinear

systems using Lyapunovís two methods: the direct and indirect approaches, each applied to

autonomous and non-autonomous cases.
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3.1 Stability of the Zero Solution in Linear Di§erential

Systems

3.1.1 Autonomous Linear System

Consider the system _x = Ax which has the origin as an equilibrium point.

The stability properties of the origin can be characterized by the eigenvalues of the matrix A.

Recall that the solution of the system is given by:

x(t) = etAx(0):

The solution of the Cauchy problem with initial condition x(t0) = x0 is given by:

x(t; x0) = e(tt0)Ax0:

Stability is linked to the behavior of e(tt0)A as t tends to +1, where its norm ke(tt0)Ak must

remain bounded. Let us distinguish a few cases:

First Case: Scalar System (n = 1)

For A = (a) 2 R, we have:
e(tt0)a

 = e(tt0)<(a):

The solutions are stable if and only if this quantity remains bounded as t! +1, which occurs

when <(a)  0.

Moreover, the solutions are asymptotically stable if and only if <(a) < 0. In this case, we have:

(t) = e(tt0)<(a) !
t!1

0:

Second Case: General System (n  1)

If A is diagonalizable, the eigenvalues (i)1in are solutions of the characteristic polynomial
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Pn() of the matrix A, deÖned by:

Pn() = det(A I):

The system reduces to independent equations:

x0j = jxj; j = 1; : : : ; n;

which admit the solution:

xj(t; y) = yje
j(tt0); j = 1; : : : ; n:

The solutions are:

 stable if and only if Re(j)  0 for all j,

 asymptotically stable if and only if Re(j) < 0 for all j,

 unstable if there exists j such that Re(j) > 0.

If A is not diagonalizable, we analyze its Jordan canonical form. Suppose A is represented

as a Jordan block:

A = I +N;

where:

  is an eigenvalue of A,

 N is a nilpotent matrix (strictly upper triangular) with Nn = 0.

The matrix exponential e(tt0)A is given by:

e(tt0)A = e(tt0)I  e(tt0)N = e(tt0)
n1X

k=0

(t t0)
k

k!
Nk:
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 The coe¢cients of e(tt0)A are products of:

ñ e(tt0) (exponential term),

ñ Polynomials in t of degree  n 1 (due to nilpotency of N).

 Since N 6= 0, at least one polynomial term is non-constant (degree  1).

1. Asymptotically Stable:

 If Re() < 0, the exponential decay dominates, and all solutions tend to 0:

lim
t!1

ke(tt0)Ak = 0:

2. Unstable:

 If Re() > 0, the exponential growth dominates, and solutions diverge:

lim
t!1

ke(tt0)Ak = +1:

 If Re() = 0, the exponential term je(tt0)j = 1, but the polynomial terms make the

solution unbounded:

ke(tt0)Ak grows polynomially (unstable):

Remark 3.1.1 (Key Di§erences from the Diagonalizable Case)

 Non-diagonalizable case: Solutions involve polynomial terms due to nilpotency.

 Stability still depends on Re(), but: If Re() = 0, polynomial terms cause instability

(unlike the diagonalizable case, where solutions remain bounded).

Example 3.1.1 (Stability Analysis for a Diagonalizable System)
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Consider the linear system:

_x = Ax; where A =

0
B@
2 1

0 1

1
CA :

The origin x = 0 is an equilibrium point, and A is diagonalizable.

- Eigenvalues: 1 = 2, 2 = 1.

- Eigenvectors:

P =

0
B@
1 1

0 1

1
CA ; D =

0
B@
2 0

0 1

1
CA :

- General Solution

x(t) = PeDtP1x(0); eDt =

0
B@
e2t 0

0 et

1
CA :

All solutions decay to 0.

- Stability

Since Re(i) < 0 for all i, the origin is asymptotically stable.

Example 3.1.2 (Non-Diagonalizable System Stability)

Consider the system:

_x = Ax; A =

0
B@
1 1

0 1

1
CA :

The matrix A is not diagonalizable (Jordan block).

- Jordan Decomposition

A = I +N;  = 1; N =

0
B@
0 1

0 0

1
CA ; N2 = 0:

- Matrix Exponential
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eAt = et

0
B@
1 t

0 1

1
CA :

- General Solution

x(t) = et

0
B@
x1(0) + tx2(0)

x2(0)

1
CA :

- Stability

Since Re() = 1 < 0, the origin is asymptotically stable, despite the polynomial term t.

3.1.2 Non-Autonomous Linear Systems

Consider the system:

_x = A(t)x; A(t) continuous:

The solution is:

x(t) = R(t; t0)x(t0);

where R(t; t0) is the resolvent matrix.

Theorem 3.1.1 (Uniform Asymptotic Stability)

The origin is uniformly asymptotically stable i§:

kR(t; t0)k  ke(tt0); 8t  t0  0; k; > 0:

Example 3.1.3 Consider the time-varying linear system with:

A(t) =

0
B@
1 + sin(t) 0

0 1

1
CA
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- Resolvent Matrix Calculation

Since A(t) is diagonal, the resolvent matrix R(t; t0) is:

R(t; t0) =

0
B@
e
R t
t0
(1+sin(s))ds

0

0 e(tt0)

1
CA

- Stability Analysis

For the Örst component:

e
R t
t0
(1+sin(s))ds

  e
R t
t0
(1+1)ds

= e0 = 1 (since sin(s)  1)

The 2-norm is given by:

kR(t; t0)k = max
e

R t
t0
(1+sin(s))ds

 ;
e(tt0)




withe

e
R t
t0
(1+sin(s))ds

  e
R t
t0
(1+1)ds

= e0 = 1 (since sin(s)  1)

And for the second component:

e(tt0)
 = e(tt0)  1 for t  t0

Thus:

kR(t; t0)k  max(1; e(tt0))  1
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The uniform asymptotic stability requires:

kR(t; t0)k  ke(tt0) with k; > 0

Our computation shows:

kR(t; t0)k  1 = 1  e0(tt0)

This corresponds to  = 0, which fails the stability requirement ( > 0 needed).

- ModiÖed System for Stability

Consider the modiÖed system:

A(t) =

0
B@
2 + sin(t) 0

0 1

1
CA

Now the integral becomes:

Z t

t0

(2 + sin(s))ds  1:5(t t0) (since sin(s)  1)

Thus:

kR(t; t0)k  e1:5(tt0)

The modiÖed system satisÖes:

kR(t; t0)k  ke(tt0)

with k = 1 and  = 1:5 > 0, proving uniform asymptotic stability.
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3.2 Stability of the Zero Solution in Nonlinear Di§eren-

tial System

3.2.1 Autonomous nonLinear System (Lyapunovís direct method)

Consider a continuous function f : Rn ! Rn and its associated autonomous system:

_x = f(x) (3.2.1)

DeÖnition 3.2.1 (Total Derivative) For the system (3.2.1) and a function V : Rn ! R with

partial derivatives on Rn, we deÖne the total derivative _V of the system (3.2.1) as:

_V (y) =

nX

i=1

@V

@xi
(y)fi(y) (3.2.2)

where fi(y) are the components of f(y) = (f1(y); : : : ; fn(y))
>.

DeÖnition 3.2.2 A function v : Rn ! R is said to be:

 Positive semi-deÖnite (resp. negative semi-deÖnite) if there exists a neighborhood V of 0

such that:

1. v(0) = 0

2. 8y 2 V ; v(y)  0 (resp. v(y)  0)

 Positive deÖnite (resp. negative deÖnite) if there exists a neighborhood V of 0 such that:

1. v(0) = 0

2. 8y 2 V n f0g; v(y) > 0 (resp. v(y) < 0)

Theorem 3.2.1 ([7]) Consider the autonomous system (3.2.1) with the origin as an equilibrium

point. If there exists a neighborhood V  Rn of 0 and a continuous function V : V ! R+ with

continuous partial derivatives such that:
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1. V is positive deÖnite

2. The total derivative _V of (3.2.1) is negative semi-deÖnite

then the origin is stable.

Moreover, if _V is negative deÖnite, then:

 The origin is asymptotically stable.

V is called a Lyapunov function.

Example 3.2.1 Consider the dynamical system:

8
><
>:

x01 = x31  x22

x02 = x1x2  x32

To analyze the stability of the equilibrium point at the origin 0, we propose the Lyapunov function

candidate:

V (y1; y2) =
1

2
y21 +

1

2
y22

- Lyapunov Function Properties

 V (0) = 0

 V is positive deÖnite since it is quadratic and strictly positive for all (y1; y2) 6= (0; 0)

- Time Derivative Analysis The total derivative of V along system trajectories is:

_V (y1; y2) =
@V

@y1
_y1 +

@V

@y2
_y2

= y1(y31  y22) + y2(y1y2  y32)

= y41  y1y
2
2 + y1y

2
2  y42

= (y41 + y42)

- Stability Conclusion
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 _V is negative deÖnite since y41 + y42 > 0 for all (y1; y2) 6= (0; 0)

 According to Theorem 3.2.1 (Lyapunovís Direct Method), the origin is asymptotically stable

3.2.2 Non-Autonomous nonLinear Systems (Lyapunovís direct method)

Consider a continuous function f : I  Rn ! Rn (where I  R) and its associated non-

autonomous system:

_x = f(t; x) (3.2.3)

DeÖnition 3.2.3 (Total Derivative) For the system (3.2.3) and a function V : I Rn ! R

with partial derivatives on I  Rn, we deÖne the total derivative _V as:

_V (t; y) =
@V

@t
(t; y) +

nX

i=1

@V

@xi
(t; y)fi(t; y) (3.2.4)

where f(t; y) = (f1(t; y); : : : ; fn(t; y))
> represents the component functions.

DeÖnition 3.2.4 A function v : I  Rn ! R is said to be

 positive semi-deÖnite (resp. negative semi-deÖnite) if there exists a neighborhood V of 0

such that:

1. 8t 2 I; v(t; 0) = 0

2. 8t 2 I; 8y 2 V ; v(t; y)  0 (resp. v(t; y)  0)

 positive deÖnite (resp. negative deÖnite) if there exists a neighborhood V of 0 such that:

1. 8t 2 I; v(t; 0) = 0

2. There exists a positive deÖnite function v0 : V ! R such that:

8t 2 I; 8y 2 V ; v(t; y)  v0(y)

(resp. v(t; y)  v0(y))
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DeÖnition 3.2.5 A function v : I  Rn ! R is called decrescent if:

1. limkyk!0 v(t; y) = 0

uniformly in t, which means:

2. 8 > 0; 9 > 0 such that 8y 2 Rn:

kyk <  ) 8t 2 I; jv(t; y)j < 

Theorem 3.2.2 ([7]) Let the origin be an equilibrium point of the non-autonomous system

(3.2.3). If there exists a neighborhood Vt0  Rn of 0 and a continuous function V : Vt0 ! R+

with continuous partial derivatives such that:

1. V is positive deÖnite

2. The total derivative _V for (3.2.3) is negative semi-deÖnite (resp. negative deÖnite)

then the origin is uniformly stable.

Furthermore, if:

1. V is decrescent, then the origin is uniformly stable (resp. uniformly asymptotically stable).

Consider the non-autonomous dynamical system:

8
><
>:

x01 = x1  e2tx2

x02 = x1  x2

We propose the following time-dependent Lyapunov function candidate:

V (t; y) = y21 + (1 + e2t)y22
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 V is positive deÖnite because it dominates the time-independent positive deÖnite function:

V0(y) = y21 + y22

since V (t; y)  V0(y) for all t  0 and all y 2 R2

 SpeciÖcally:

V (t; y) = y21 + (1 + e2t)y22

 y21 + y22 (since 1 + e2t  1 for t  0)

 V is decrescent because it is dominated by the time-independent positive deÖnite function:

V1(y) = y21 + 2y
2
2

since V (t; y)  V1(y) for all t  0 and all y 2 R2

 SpeciÖcally:

V (t; y) = y21 + (1 + e2t)y22

 y21 + 2y
2
2 (since 1 + e2t  2 for t  0)

The total derivative of V along system trajectories is:

_V (t; y) =
@V

@t
+
@V

@y1
_y1 +

@V

@y2
_y2

= 2e2ty22 + 2y1(y1  e2ty2) + 2(1 + e2t)y2(x1  x2)

= 2y21  2e2ty1y2  2e2ty22 + 2(1 + e2t)y1y2  2(1 + e2t)y22

= 2y21 + 2y1y2  2y22  2e2ty22

= 2(y21  y1y2 + y22(1 + e
2t))
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We can establish the following bounds:

_V (t; y)  2(y21  y1y2 + y22)

= 2

y1 

y2

2

2
+
3

4
y22



 (y1  y2)
2  y21  y22

Stability Conclusion

 _V is negative deÖnite (all terms are strictly negative for all y 6= 0)

 V is positive deÖnite and decrescent

 _V is negative deÖnite

 Therefore, by Theorem 3.2.2, the origin 0 is uniformly asymptotically stable

3.2.3 Autonomous nonLinear System (Lyapunovís indirect method)

The study of stability in nonlinear systems is challenging due to their complex behavior, as

linear methods are no longer applicable. However, Lyapunov and others observed that, in most

cases, the equilibrium points of nonlinear systems can be classiÖed similarly to those of linear

systems by analyzing integral curve trajectories near equilibrium.

Lyapunovís indirect method leverages this idea by examining stability through linearization.

The nonlinear system is approximated as:

dx

dt
= Df(xe)x+O(kxk2);

where Df(xe) is the Jacobian matrix evaluated at the equilibrium point. This linearization

converts the global stability problem into a local one near the equilibrium point.

Stability Analysis via Linear Approximation To address stability questions, we consider

the linear system associated with (3.2.1) :
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dx

dt
= Df(xe)x

where Df(xe) is the Jacobian matrix of f evaluated at the equilibrium point xe:

A = Df(xe) =

0
BBBB@

@f1
@x1

@f1
@x2

   @f1
@xn

...
...

. . .
...

@fn
@x1

@fn
@x2

   @fn
@xn

1
CCCCA
x=xe

The determination of the stability of the equilibrium point is therefore carried out in two steps:

Step 1: Linear Stability Analysis

1. Linearized System:

Transform the nonlinear system (3.2.1) into its linear approximation about equilibrium

xe:

dx

dt
= Ax where A = Df(xe)

Here Df(xe) is the Jacobian matrix evaluated at xe.

2. Eigenvalue Criterion:

Determine stability of x = 0 in the linear system by examining eigenvalues i of A:

 <(i) < 0 for all i ) asymptotically stable

 9i with <(i) > 0 ) unstable

 <(i) = 0 for some i ) critical case (indeterminate)

Step 2: Nonlinear Stability Equivalence

1. Stability Transfer:

Establish conditions under which linear stability implies nonlinear stability:

 If linear system is stable ) xe is locally stable for (3.2.1)

 If linear system is unstable ) xe is unstable for (3.2.1)
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2. Critical Case Handling:

When <(i) = 0, linearization is insu¢cient. Requires:

 Higher-order expansion, or

 Direct Lyapunov methods

Theorem 3.2.3 (Hartman-Grobman) [1] Consider the dynamical system (3.2.1) with áow

t. If xe is a hyperbolic equilibrium point, then there exists a neighborhood V of xe where the

áow t is topologically conjugate to the áow of the linearized system at xe. Consequently, we

have the following result:

Immediate Corollary. The topological equivalence implies that:

 The stability properties of the nonlinear system match those of its linearization

 The phase portrait near xe is homeomorphic to the linearized systemís portrait

 All hyperbolic equilibria are structurally stable

Theorem 3.2.4 (Lyapunovís Linearization Method) [7] For the nonlinear system _x =

f(x) with equilibrium xe (i.e., f(xe) = 0), and its linearization _x = Df(xe)x, the following

equivalence holds:

1. If the linearized system is asymptotically stable (all <(i) < 0), then xe is locally asymp-

totically stable for the nonlinear system.

2. If the linearized system is unstable (9i with <(i) > 0), then xe is unstable for the

nonlinear system.

3. If the linearized system is stable (<(i)  0 ), then xe is stable for the nonlinear system.
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Example 3.2.2 Consider the system:

dx

dt
= sin x x

 Equilibrium: xe = 0

 Jacobian: Df(0) = cos(0) 1 = 0

 Eigenvalue:  = 0 (critical case)

Conclusion: Linearization fails - requires center manifold or direct Lyapunov analysis.

Example 3.2.3 Consider the nonlinear system:

8
>><
>>:

_x1 = x2

_x2 = a sin x1  bx2

The system has two equilibrium points:

Origin: (x1; x2) = (0; 0)

Second point: (x1; x2) = (; 0)

The Jacobian matrix of the system is:

@f

@x
=

2
64
@f1
@x1

@f1
@x2

@f2
@x1

@f2
@x2

3
75 =

2
64

0 1

a cos x1 b

3
75

Stability at the Origin (0,0)

Evaluating the Jacobian at the origin:

A =
@f

@x


x=0

=

2
64
0 1

a b

3
75
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The characteristic equation is:

det(I  A) = 2 + b+ a = 0

Eigenvalues are:

1;2 =
b

p
b2  4a
2

Stability Conditions

For a; b > 0:

When b2 > 4a (real distinct roots):

1;2 = 
b

2

p
b2  4a
2

< 0

When b2 < 4a (complex conjugate roots):

<(1;2) = 
b

2
< 0

Critical damping (b2 = 4a):

 =  b
2
< 0

Stability at (,0)

Evaluating the Jacobian at (; 0):

~A =
@f

@x


x1=;x2=0

=

2
64
0 1

a b

3
75

The characteristic equation is:

det(I  ~A) = 2 + b a = 0
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Eigenvalues are:

1;2 =
b

p
b2 + 4a

2

For a > 0 and b  0:

1 =  b
2
+

p
b2+4a
2

> 0 (since
p
b2 + 4a > b)

2 =  b
2


p
b2+4a
2

< 0

Phase Portrait Analysis

- Near (0,0): All trajectories converge to the origin (stable node/focus)

- Near (,0):

1- One unstable direction (along eigenvector of 1 > 0)2- One stable direction (along

eigenvector of 2 < 0)

3.2.4 Non-Autonomous nonLinear Systems (Lyapunovís indirect method)

For this section (see [3], (Chapter 4 on non-autonomous systems, [7])).

We consider the system:

y0 = f(t; y) = A(t)y + F (t; y)

where:

ñ A(t) is a non-constant time-dependent matrix

 F (t; y) represents nonlinear terms with limkyk!0
kF (t;y)k
kyk = 0

When A(t) is not constant, we cannot directly use eigenvalues to study stability. More advanced

tools are required.

Linearized System Analysis

y0 = A(t)y
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Example 3.2.4 (Counterintuitive Case) Consider:

A(t) =

0
B@

1 +  cos2 t 1  sin t cos t

1  sin t cos t 1 +  sin2 t

1
CA

 Eigenvalues:  = 1 (constant and stable)

 However, for  > 1, the system is unstable

) Eigenvalues alone are insu¢cient.

Theoretical Tools

Theorem 3.2.5 (Floquetís Theorem (Periodic Case)) If A(t+ T ) = A(t), then:

 Stability is determined by Floquet multipliers

 Stability condition: jij < 1 ) exponential stability

Theorem 3.2.6 (Lyapunovís Method) Construction of a function V (t; y) such that:

1. V (t; y) is positive deÖnite

2. _V (t; y) = @V
@t
+rV  f(t; y) is negative deÖnite

) y = 0 is uniformly asymptotically stable.

General Stability Analysis Strategy

1. Analyze the linearized system y0 = A(t)y:

 If periodic ! Floquet theory

 Otherwise ! Time-varying Lyapunov function

2. Control nonlinear terms: kF (t; y)k  Lkyk1+
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3. Draw stability conclusions

Example 3.2.5

y0 =

0
B@
2 + sin t 1

0 3 + cos t

1
CA y +

0
B@

y21

y1y2

1
CA

 Instantaneous eigenvalues: 1(t) = 2 + sin t, 2(t) = 3 + cos t

 Solution approach: Use V (t; y) = y21 + (1 + et)y22

Conclusion

 Instantaneous eigenvalues are insu¢cient

 Required tools:

ñ Time-varying Lyapunov functions

ñ Floquet theory

ñ Numerical methods (e.g., Lyapunov exponents)

 Nonlinear terms must be dominated by the linear part
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Chapter 4

Tutorials

This chapter provides review exercises covering previous chapters along with selected problems

from past examinations.
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4.1 Tuts (Reminders and Fundamental Concepts)

Exercise 4.1.1 A) Find solutions to the following homogeneous problems:

8
><
>:

y0 = ty

y (0) = 1
;

8
><
>:

y0 = 1
t
y

y (1) = 
;

8
><
>:

y0 = ety

y (0) = e

;

8
><
>:

y0 = tp
4t2y

y (2) = 0
;

8
><
>:

y0 = ln (t) y

y (1) = 1
;

8
><
>:

y0 = sin (t) cos (t) y

y


2


= 1

B) Solve the following Cauchy problems:

1)

8
><
>:

y0 = 5y + 3

y (0) = 0
; 2)

8
><
>:

y0 = 3y + 4et

y (0) = 2
;

3)

8
><
>:

y0 = 3y + sin (3t) + sin (2t)

y (0) = 0
; 4)

8
><
>:

y0 sin (t) y cos (t) = 3t2 sin2 t

y0 (0) = 2

C) Solve the following inhomogeneous problems:


1 + t2


y0 = 2ty +


1 + t2

2
; y0 + 2ty = 2tet

2

; y0 = t2 (1 y) :

D) Solve the following Cauchy problems:

8
><
>:

y0 = y + y2

y (0) = 1
;

8
><
>:

y0 = t
1+t2

y + ty2

y (0) = 3
;

8
><
>:

y0 = y  2ty3

2y

1
2


=
p
e

:

Exercise 4.1.2 Consider the following Cauchy problem:

(E)

8
>><
>>:

y0(t) =
p
jy(t)j

y(0) = 0

; t 2 R: (4.1.1)

1. Verify that y(t) = 0 is a solution of (4.1.1).
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2. Construct a non-zero solution of class C1 for this problem.

3. Does the Cauchy-Lipschitz theorem apply here? Why?

Exercise 4.1.3 (Gronwallís Lemma - Integral Form) Let a; b; c; d 2 R with a  b and d  0,

and let  2 C0([a; b]). Suppose that:

(t)  c+ d

Z t

a

(u)du for all t 2 [a; b]

Consider the function h deÖned on [a; b] by:

h(t) = c+ d

Z t

a

(u)du

Note that h is a function deÖned via an integral.

1. Show that h 2 C1([a; b]) and compute its derivative.

2. Show that for all t 2 [a; b], we have h0(t)  dh(t). Then deduce that:

h(t)  ced(ta) for all t 2 [a; b]

3. Deduce that:

(t)  ced(ta) for all t 2 [a; b]

Exercise 4.1.4 (Gronwallís Lemma - Di§erential Form) Let  : [a; b] ! R+ be a continuous

function satisfying the di§erential inequality:

0(t)  (t)(t) +  (t) for almost every t 2 [a; b];

where ;  : [a; b]! R+ are non-negative functions.

Show that for all t 2 [a; b], the following inequality holds:

(t)  exp
Z t

a

(s)ds


(a) +

Z t

a

 (s)ds


8t 2 [a; b]:
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In particular, if: 8
>><
>>:

0(t)  (t)(t) on [a; b];

(a) = 0;

prove that   0 on [a; b].

Exercise 4.1.5 Let y : J ! R be a function. Show that y is a solution to the Cauchy problem

(P) if and only if the following two conditions are satisÖed:

(i) y is continuous on J and for all t 2 J , (t; y(t)) 2 J    I  ,

(ii) For all t 2 J, y(t) = y0 +
R t
t0
f(s; y(s))ds.

Exercise 4.1.6 Let t; y 2 R with ty 6= 0, consider the di§erential equation:

y0 = t
p
t2 + y2 = f(t; y); (4.1.2)

1. Show that:

jf(t; y)j  jtj2 + jtjjyj

2. Are all maximal solutions of equation (4.1.2) global?

Exercise 4.1.7 Show that the Cauchy problem (4.1.3):

8
>><
>>:

y0 = t+ y3

y(0) = 0

(4.1.3)

admits a unique local solution deÖned on the interval [T; T ], where T is given by the Cauchy-

Lipschitz theorem.

Exercise 4.1.8 (Assignment) Consider the following di§erential equation:

8
>><
>>:

y0 +


2t
1+t2


y + t2y2 = 0

y(0) = 1

(4.1.4)
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1. Show that equation (4.1.4) admits a unique maximal solution  : I = (T;+T ) ! R of

class C1 with T < 0 < +T .

2. Verify that  is of class C2 on I. Is it of class C1?

3. Show that (t) > 0 for all t 2 I.

4. Deduce that  is strictly decreasing on [0; T+) and that:

0 < (t)  1; 8t 2 [0; T+)

Exercise 4.1.9 (Assignment) Let f : R (0;+1)! R be the function deÖned by:

8t 2 R; 8y > 0; f(t; y) = 1
y

1. Show that f is continuous on R (0;+1) and locally Lipschitz with respect to its second

variable.

2. For any y0 > 0, consider the Cauchy problem:

8
>><
>>:

y0(t) =  1

y(t)

y(0) = y0

; t 2 R: (4.1.5)

3. Explicitly compute the maximal solution to problem (4.1.5) on its interval of deÖnition

(t; T ), where t and T  may be Önite or inÖnite.

4. Study the behavior of y(t) as t! T . Relate this to the theorem of the endpoints.

Exercise 4.1.10 (Assignment) Consider the following di§erential equation:

(E)

8
>><
>>:

y0(t) = sin(y(t))

y(0) = y0 2 R
(4.1.6)
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1. Show that equation (4.1.6) admits a unique maximal solution y.

2. Show that this solution is global.

3. Furthermore, show that this solution is of class C1.

4. What are the stationary solutions of (4.1.6)?

5. Assume that 0 < y0 < . Show that: 8t 2 R; 0 < y(t) < 

4.2 Tuts (The Concept of Stability)

Exercise 4.2.1 Consider the following problem:

8
>><
>>:

x0(t) =
x(t)

t2

x(t0) = x0; t0 > 0

(4.2.1)

1. Determine the solution of problem (4.2.1).

2. Using the deÖnition, analyze whether the equilibrium point of the problem is:

 Stable

 Uniformly stable

 Asymptotically stable

 Uniformly asymptotically stable

Exercise 4.2.2 Consider the following problem:

8
>><
>>:

x0(t) =  x(t)

1 + t

x(t0) = x0; t 2 ] 1;+1[
(4.2.2)

1. Determine the solution of problem (4.2.2).
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2. Using the deÖnition, analyze whether the equilibrium point of the problem is:

 Stable

 Uniformly stable

 Asymptotically stable

 Uniformly asymptotically stable

Exercise 4.2.3 Consider the following initial value problem:

8
>><
>>:

x0(t) = x(t)

x(t0) = x0

(4.2.3)

Show that a zero solution of the problem is unstable.

Exercise 4.2.4 Consider the following initial value problem:

8
>><
>>:

x0(t) = (6t sin(t) 2t) x

x(t0) = x0

(4.2.4)

1. Determine the solution of problem (4.2.4).

2. Using the deÖnition, analyze whether the equilibrium point of the problem is:

 Stable

 Uniformly stable

 Asymptotically stable

 Uniformly asymptotically stable
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Exercise 4.2.5 Consider the following problem:

8
>>>>>><
>>>>>>:

x0(t) = 2y

y0(t) = x 3y

x(0) = x0; y(0) = y0

(4.2.5)

1. Determine the solution of problem (4.2.5).

2. Using the deÖnition, analyze whether the equilibrium point of the problem is:

 Stable

 Uniformly stable

 Asymptotically stable

 Uniformly asymptotically stable

4.3 Tuts (Stability Analysis)

Exercise 4.3.1 Determine the nature of the rest points for the following systems:

1. 8
>><
>>:

x01 = 3x1

x02 = 2x2

where A =

0
B@
3 0

0 2

1
CA

2. 8
>><
>>:

x01 = 2x1 + x2

x02 = x1  2x2
where A =

0
B@
2 1

1 2

1
CA

3. 8
>><
>>:

x01 = x1

x02 = 2x2
where A =

0
B@
1 0

0 2

1
CA
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4. 8
>><
>>:

x01 = x1

x02 = 2x2
where A =

0
B@
1 0

0 2

1
CA

5. 8
>><
>>:

x01 = x1 + x2

x02 = x2

where A =

0
B@
1 1

0 1

1
CA

Exercise 4.3.2 Determine the nature of the rest points for the following systems:

1. 8
>><
>>:

x01 = x1(2x2  1)

x02 = x2(2x1  1)

2. 8
>><
>>:

x0 = x2(x1 + 1)

y0 = x1(x
3
2 + 1)

Exercise 4.3.3 Use the Lyapunov function method to study the stability of the system:

8
>>><
>>>:

x01 = x2 + x1(x
2
1 + x22)

x02 = x1 + x2(x
2
1 + x22)

(Hint: Consider the function V (x1; x2) = x21 + x22.)

Exercise 4.3.4 Use the Lyapunov function method to study the stability of the system:

8
>>><
>>>:

x01 = x2  x31

x02 = x1  x32

(Hint: Consider the function V (x; y) = x2 + y2.)
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Exercise 4.3.5 Consider the following system:

8
>>><
>>>:

x01 = x32;

x02 = x1:

(4.3.1)

1. Can we study the stability of system (4.3.1) using the linearization method?

2. Consider the function V (x; y) = 2x2 + y4. Study the stability of system (4.3.1).
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4.4 The controls

(FINAL EXAM 2022)

Exercise 4.4.1 Find the set of maximal solutions in R to the di§erential equation:

jtjx0 + x = t2

Exercise 4.4.2 Consider the following system:

(E)

8
>><
>>:

x01(t) = 2x1x2 + "x31  2!x2;

x02(t) = x21 + "x52 + !x1;

where ! 2 R; " < 0:

Given the Lyapunov function:

V (y1; y2) = y21 + 2y
2
2;

answer the following:

1. Is the origin an equilibrium point of system (E)?

2. Is the origin stable?

3. Is the origin asymptotically stable?

Exercise 4.4.3 Consider the following problem:

(P )

8
>><
>>:

X 0(t) = 

1
1+t


X;

X(t0) = X0;

t 2]0;+1[:

1. Determine the solution of (P ).

2. Using the deÖnition, determine whether the origin is:

 Stable,
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 Asymptotically stable,

 Uniformly stable,

 Uniformly asymptotically stable.

(FINAL EXAM 2023)

Exercise 4.4.4 Consider the following system:

8
>><
>>:

x01(t) = x1 + x2

x02(t) = x1  x2

(E)

Consider the following Lyapunov function:

V (y1; y2) = y21 + y22

1. Write (E) in matrix form X 0 = AX.

2. Is the origin an equilibrium point of system (E)?

3. Use two di§erent methods to study the stability of system (E).

4. If 1 is a complex eigenvalue of A such that Im(1) < 0 and V1 is its associated eigenvector,

determine the two functions:

X1(t) = Re(V1e
1t); X2(t) = Im(V1e

1t)

5. Show that fX1; X2g forms a fundamental system of solutions for (E).

6. Find the fundamental matrix of (E).

7. Find the general solution of system (E).

8. Deduce the solution of (E) with initial conditions x1(0) = x0, x2(0) = y0.
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9. Using the deÖnition, determine whether the origin is stable, asymptotically stable.

Exercise 4.4.5 Show that for all (x0; y0) 2 R2, the Cauchy problem

8
>>>>>><
>>>>>>:

y01(t) = y2

y02(t) = (1 y21)y2  y1  y21

y1(0) = x0; y2(0) = y0

admits a unique maximal solution, deÖned on an open interval I.

Consider the following system:

8
>><
>>:

y01(t) = y2

y02(t) = (1 y21)y2  y1  y21

(E)

1. Show that system (E) has exactly two equilibrium points, and determine them.

2. Study the stability of these two equilibrium points.

(FINAL EXAM 2024)

Exercise 4.4.6 For each of the following statements, answer True or False with justiÖcation:

1. The di§erential equation @2y

@t2
+ sin(t)@y

@t
+ 1 = 0 is partial, nonlinear, with constant coe¢-

cients.

2. If z is a solution of y0 = f(t; y) that is not maximal, then it is not global.

3. The problem (E) 8
>><
>>:

y0 = y + t2y3

y(0) = 0

admits a unique maximal solution . This solution is of class C3.
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4. Every maximal solution of the equation y0 =
p
tet + y

1+y2
cos(

p
y) is global.

5. The solution of the di§erential equation ty0 2y  t3et = 0 is given by y(t) = t2et + ct2.

6. For

Y1(t) =

0
B@
e
t2

2
+t

e t
2

2
+t

1
CA ; Y2(t) =

0
B@

e
t2

2
t

2e t
2

2
t

1
CA

forms a fundamental system of solutions for (H)

Y 0(t) = A(t)Y (t); where A(t) =

0
B@
t+ 3 2

4 t 3

1
CA (H)

The resolvent matrix of (H) is given by

R(t; 0) =

0
B@

2e
t2

2
+t  e

t2

2
t e

t2

2
+t  e

t2

2
t

2e t
2

2
+t + 2e

t2

2
t e t

2

2
+t + 2e

t2

2
t

1
CA

7. Consider the system X 0 = f(X), where f(0) = 0 and there exists a C1 function V such

that:

V : U  Rn ! R; with U a neighborhood of 0

(a) If V (0) = 0, V (X) > 0 for all X 6= 0, and _V (X) = d
dt
V (X) < 0, then the origin is

stable.

(b) If _V (X) = d
dt
V (X) > 0, then the origin is unstable.

(c) If the origin is stable, then it is asymptotically stable.

Exercise 4.4.7 Consider the following system:

8
>><
>>:

x01(t) = x2 + x1(x
2
1 + x22)

x02(t) = x1 + x1(x
2
1 + x22)

(E)

84



Chapter 4. Tutorials, Dr : SACI ATEF

Consider the following function:

V (y1; y2) = y21 + y22

1. Show that the origin is an equilibrium point of system (E).

2. Study the stability of the equilibrium point of system (E) using the Lyapunov method.

3. Study the stability of the equilibrium point of system (E) using the linearization method.

(FINAL EXAM 2025)

Exercise 4.4.8 The three questions are independent.

I) List 3 methods for studying stability.

II) Let a 2 R. Study the stability of the system:

Y 0 =

0
B@
0 a

a 0

1
CAY

III)

1. Show that for all (x0; y0) 2 R2, the Cauchy problem

8
>>>>>><
>>>>>>:

x0 = y  x (x2 + y2)

y0 = x y (x2 + y2)

x(0) = x0; y(0) = y0

admits a unique maximal solution, deÖned on an open interval I.

2. Consider the Lyapunov function deÖned on R2 by V (x; y) = x2 + y2 and the system:

8
>><
>>:

x0 = y  x (x2 + y2)

y0 = x y (x2 + y2)
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(a) Is the origin an equilibrium point of the system?

(b) Use two methods to study the stability of the origin for this system.

Exercise 4.4.9 Consider the following system:

8
>><
>>:

x01(t) = 2x2

x02(t) = 2x1
(E)

1. Write (E) in matrix form X 0 = AX.

2. Is the origin an equilibrium point of system (E)?

3. Study the stability of system (E).

4. If 1 is a complex eigenvalue of A such that Im(1) < 0 and V1 is its associated eigenvector,

determine the two functions:

X1(t) = Re(V1e
1t); X2(t) = Im(V1e

1t)

5. Find the general solution of system (E).

6. Deduce the solution of (E) with initial conditions x1(0) = x0, x2(0) = y0.

7. Using the deÖnition, is the origin uniformly stable?
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